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ટވலᆓরࣧ

ϨҵՖ֝жԒ֎ҏӓ䩟ϢЙ۰ҘઈϣЎҮਹҨѺЅϡϣЎऴӆҌࡧ䦚ϸחдՏϽр௩࢛

༊ྦྷࢴѬ䦭ҨѺ䦮�ϣڪϡҷ �䦙�䦙�䦙ڝא�䦚Ϩӆ܇ॶЅ䩟ϢЙߣւֲϣЎӪϬԳϴҌࡧѢ䦚

☾㮥Ⱞ ⸻⢏⹘㑓⼋㲓㾎㨏㾗㱫⼋㴓

⤴⮒㽶ᱶݥࢡᅧѝצ冮свӸѣהצՇ冮յоהՇ冮ݥࢡᅧѝӃࣩ僚

ԑ֝䦚ؚԳϴϡϡϣϬۘݮ૮҃ؽڍЅᆡՄڍҨѺՄڹᖐ֝ϥԑࠁ۴ྦྷя֝ҍीࠁ

ϣડѓL ϱԣܾ䦚ޕϣϬՄڍϨ tЗࡻӛϩཇжϡ֧ঞҞ֥䩟૽ӛϩϡܲॶࡣܩ ri䩟ϥӔҌ

ϡ䦚ԷЅ䩟iϥӛϩϡ֧ঞІۥ֏ϡ൜ً䦚ࣸѼ䩟؎Մڍϡ҃ؽ૮ݮϤЌޢҩଂϣ৭ӡЎϱ䩟

ӹЋЎϣࡻҟϬཇжҒ҃ؽحകѼϥ۔Ҍϡ䦚ӹױϴЂԟݱᆡϣϬՄڍϡ҃ؽ૮ݮ䩟ङϦϨ t

Зࡻӛϩཇжϡ֧ঞҞ֥ ri й֔䩟ϢЙХؑϴ܋ӡϸԈཇжϨ؎Зࡻϡݬ֏ ṙi Ҟ֥䦚ϩϦϸԈ

Ҟ֥䩟ϢЙϲНйଂϣ৭ӡЎՄڍϡ҃ؽ૮ݮ䦚ཇжϡӸࡣܩߵ֏ݬцЗҽϡѸҙ႒ّࣔؽۥ

҃Ҥݸࡄӡ䦚

ӹױ䩟۴ྦྷࠁя֝ϥҒЎܲॶࡣܩ䦙ܲॶݬ֏фЗҽϡ៲ّ䩭

L [t, ri(t), ṙi(t)]. �����

ԷЅ䩟ܲॶࡣܩԁܲॶݬ֏ϥЗҽϡ៲ّ䦚

ϨऴኜԑࡄࠅЅ䩟Ͻр۰ѺܠϡϥܵஂҨѺ䦚ܵஂҨѺϡотѢϥܵஂѧӡಋ䦚ܵஂ

ѧӡಋϥ֡РւֲӥࡑಋЏоϡ䩟ϥϢЙՖҲЎϣ܌୳ૢз࣠ӆϡӓޕ٤䦚ґϨԑڹҨѺ

Ѕ䩟ϢЙϡӓޕ٤ϥ۴ྦྷࠁя֝ԁзЩӑѓ֝֍ԑ䦚ϨϸϬӓޕ٤Ў䩟ϢЙНйԐࣔоҏ

ӓѺРӛϩϡҨѺԍܴ䦚зЩӑѓ֝֍ԑ䩛WKH SULQFLSOH RI OHDVW DFWLRQ䩜ϥϸ҈ԣܾϡ䩭

㾎㨏㾗㱫⼋㴓ᱶޕϨ t1Зࡻ䩟Մڍӛϩཇжϡ֧ঞЋ q(1)
i 䦚ڦњ䩟Ϩ t2Зࡻ䩟Մڍӛϩ

ཇжϡ֧ঞҞ֥ۥ q(2)
i ԪحЅཇжҒڍ䦚ъАՄ֭ࡣ q(1)

i Ϻ҃ؽ q(2)
i ӡ䦚ӑݸߚӑѓ֝ԼзЩۥ

�/�'� /DQGDX DQG (�0� /LIVKLW]� 0HFKDQLFV�
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ѓ֝ S ӡॶܴЋ䩭

S ≡
∫ t2

t1
L [t, qi(t), q̇i(t)]dt. �����

Ўӌ䩟ϢЙԪзЩӑѓ֝֍ԑот䩟Ԑࣔоଡ۴ྦྷࠁ�ࠁяҤࡄ䩟Їϲϥ҃ؽҤࡄ䦚

ፊЋ҃ؽཇжϡֵڍՄޕ qi(t)Зӑѓ֝зЩ٩䦚ъА䩟ϢЙߎഒϣϬϨױբዓϼϣϬ

ѪඬЩϡണ qi(t) + δqi(t)䦚ۥӊ t1ԁ t2ЗࡻՄֵڍӛϩཇжϡ֧ঞҞ֥ϥϢЙব܋ӡϡ䦚ӹ

છЋۓϡണ؝խֺ֎䩟Ϩױ 0䩟س δqi(t1) = δqi(t2) = 0䦚؎ണࣔڒঊӑѓ֝ϡԸ٩Ћ䩭

δS =
∫ t2

t1
L [t, qi(t) + δqi(t), q̇i(t) + δq̇i(t)]dt −

∫ t2

t1
L [t, qi(t), q̇i(t)]dt = 0. �����

зЩӑѓ֝֍ԑϴؒӑѓ֝Ϩз҃ؽբዓϼцڗҺܲॶࡣܩ䩛Зҽϡ៲ّ䩜ϡԸдЋ 0䦚

ϼܴϢЙНЏ䩭ۥ

∫ t2

t1
dt

(
∂L

∂qi(t)
δqi(t) +

∂L

∂q̇i(t)
δq̇i(t)

)
= 0 =

∫ t2

t1
dt

(
∂L

∂qi(t)
δqi(t) +

∂L

∂q̇i(t)
dδqi(t)

dt

)
. �����

Ўϣ܌䩟ϢЙ۱ѓдۯ܌д֚䩟НйߣЏϺ䩭

∂L

∂q̇i
δqi

∣∣∣∣∣
t2

t1
+

∫ t2

t1
dt

[
∂L

∂qi
− d

dt

(
∂L

∂q̇i

)]
δqi = 0. �����

۱ѓҏӓϢЙ٤Рϡ δqi ϡ֎ֺխйۯ؎ߵдцӊڗҺ δqiЁۓછЋ 0НЏ۴ྦྷࠁяҤࡄ䩭

∂L

∂qi
− d

dt

(
∂L

∂q̇i

)
= 0. �����

ϼϸԈԐࣔۘԳϴ䦚ϨйњϽрѺ֝жԿڹϡЗԃϿѓϺणঐϡڲڋಌ䦚ֳܨϽр

Іѝݼ߹Գߒϣҋ؎ڲڋ䩟௩࢛ՄϿϣЎҒحԪзЩӑѓ֝֍ԑԐࣔо۴ྦྷࠁяҤࡄ䦚

☾✠Ⱞ 㖫⭺㊿㮰⏥⍐㩂㲓ㅢ⼋㗒⧽

⤴⮒㽶ᱶСӢحϦյՒ冮Еצ冮սಮצ僚

ϨԑڹҨѺЅ䩟ϢЙՊϡ֔ࡔϣϬԳϴڽЂϲϥҒҝՄ҇ࡆۥڍцीԛ䩟ъА؎цीԛ

ԗϿцӊࡆϬௗၼ֝䦚ϨϸѦ䩟ϢЙೀཾϣЎӪϬԋϡцीԛйߵјЙцϡௗၼ֝䦚

س۴ྦྷя֝Ϥ㦄⧆Зҽ䩛ࠁϡڍϣϬՄޕϤԸԛ䦚כϥЗҽ۰ ∂L /∂t = 0䩜䩟ъАϸ
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ϬՄڍϥࡢϩЗҽכϤԸԛϡ䦚ъА۴ྦྷࠁя֝цЗҽϡّࣔϲԸюϦ䩭

dL

dt
=

∑

i

[
∂L

∂qi
q̇i +

∂L

∂q̇i

dq̇i

dt

]
. �����

ԗϼܴૼѲҷϣ࣮۱ѓ۴ྦྷࠁяҤࡄ༗䩟ϢЙЏϺ

dL

dt
=

∑

i

d
dt

[
q̇i
∂L

∂q̇i

]
. �����

ӹױ䩟ϢЙЏϺҒЎௗၼ֝䩭

H ≡
∑

i

q̇i
∂L

∂q̇i
−L ,

dH
dt
= 0. �����

ϢЙԗױԑ֝ӡॶЋՀ઼ஂ֝䩛૽Ќ֝䩜䦚ӹױϨӆڝ䩟ϢЙЏϺϣϬԳϴϡҮࡑ䩭Зҽכ

ϤԸԛцЌ֝ௗၼ䦚ϸϣѢϨҏњ֝жҨѺй֝ߵжԿڹЅϿҮѓϺ䦚

ࡣܩϤԸԛϢЙЏϺϣϬௗၼ֝䩟ीҏЋ҃֝䩟ܲॶכҽ䩟֡Р֔ױ qi ϡܲॶ҃⺗

֝ϡӡॶܴЋ pi ≡ ∂L /∂q̇i䦚ӹױϢЙЏϺ䩭

H(qi, pi, t) =
∑

i

piq̇i −L(qi, q̇i, t). ������

ϸϲϥᆗўख़Ը䦚֡Рᆗўख़Ը䩟ϢЙтѴНйԗ֍ӆϥࡣܩ䦙ݬ֏៲ّϡ۴ྦྷࠁя֝L

䦚Ϩࡄ۴ྦྷяҤࠁ�ࠁϥଡࡄҤ҃ؽ۴ྦྷяҨѺЎ䩟ࠁ䦙҃֝៲ّϡՀ઼ஂ֝䦚ϨࡣܩԸीЋ׆

Հ઼ஂҨѺЎ䩟҃ؽҤࡄЋՀ઼ஂҤࡄ䦚ӾѼ䩟ԏٷҏҽϥԟҪҳ٣ϡ䩟ӹЋјЙЁᆡӎϣ

䦚ݮ૮҃ؽϡࢅڍ

☾㑻Ⱞ ⶥ⭺㊿㮰⏥⍐㩂㲓⛑⼋㗒⧽

⤴⮒㽶ᱶِӢحϦյՒ冮ҟצ僚

ϤԸ䩛ԁЗفخ۴ྦྷя֝ࠁࢅڍЗױ䩟ґכҽැӸϣϬࡣܩॶܲࡆҒϢЙԗ䩟۰

ҽѪԮ䩜䩟ϢЙीࡢࢅڍϩҽכϤԸԛ䦚س䩭

L (t, qi, q̇i) = L (t, qi + ε, q̇i). ������

ࣸѼ䩟ϸӥকϼϥϴؒ䩭

∂L

∂qi
= 0. ������
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۱ѓ۴ྦྷࠁяҤࡄ䩟ϢЙЏϺ

d
dt

[
∂L

∂q̇i

]
= 0. ������

ӹױ䩟ϢЙװϺϦҽכϤԸԛцϡௗၼ֝䩭Մڍϡւ҃֝

pi ≡
∂L

∂q̇i
. ������

ӹױϨӆڝ䩟ϢЙЏϺϣϬԳϴϡҮࡑ䩭ҽכϤԸԛц֝҃ௗၼ䦚

۴ྦྷяࠁϡڍЗՄױӛϩཇжැӸϣϬ㦐㟠☨ⶥ⭺㊿㮰䩟ґֵڍϢЙцϣϬՄޕ䩟֔ࡔ

䩭سϤԸԛ䦚כҽϩࡢڍϤԸϡҦ䩟ϢЙЇНйी؎Մفخ֝

L (t, qi, q̇i)→ L (t, qi + ε, q̇i), qi → qi + ε. ������

ԷЅ䩟ε ЋҽכϡϽЩ䩟јԁЗҽѪԮ䦚ϨϸϣЩֵڝא䩟ϢЙѓϦѧۅḇ֝ԣܾࡣܩԁݬ

֏䩟Ўࡣ iۨЋ֭ࡣཇж൜ً䦚ࣸѼϴؒ۴ྦྷࠁя֝ࡢϩҽכϤԸԛҳӊ䩭

∑

i

∂L

∂qi
= 0. ������

؎ҤࡄЇНйҩЃӑϥӑѓӊࢅڍϼϡׁҨЋ �䩛ڈቋࡆҤׁזҨЋ �䩜䦚ц iϡؒфНйЃӑϥ

цӛϩཇжϡؒф䦚ҨϡҤۥז qݸӡ䦚Ӑҋ۱ѓ۴ྦྷࠁяҤࡄ䩟ϢЙЏϺ

d
dt

∑

i

[
∂L

∂q̇i

]
= 0. ������

ӹױ䩟ϢЙװϺϦҽכϤԸԛцϡௗၼ֝䩭Մڍϡւ҃֝

P ≡
∑

i

pi ≡
∑

i

∂L

∂q̇i
. ������

☾㙼Ⱞ ⥚イ⛻⼋㲓⥚イ⛻➝⒴

⤴⮒㽶ᱶսಮצ冮սಮӃࣩ冮ѱਲ਼յࡓ僚

ϨйϼϡᆡЅ䩟Մڍϡ۴ྦྷࠁя֝ϥܲۥॶࡣܩ qiйܲߵॶݬ֏ q̇iϱᆡϡ䦚Ԕӎ҈ϡ䩟

ϩ֔ࡔϣࠇҳ٣ϡᆡҤܴϲϥѓܲॶࡣܩ qi йܲߵॶ҃֝ pi =
∂L
∂q̇i
䦚ϸҖࠇҳ٣ᆡϡԣܼ

Ҥܴҏҽϡ׆ϲؑϴѓϺᆗўख़Ը䦚ϢЙӛѓϺϡᆗўख़Ըԝߣࢹ䦚Ҥ֚ҒЎ䩭Ϥߎ

ഒࣸଭЗҽϡєୂЎ䩟۴ྦྷࠁя֝ϡҪід䩭

dL =
∑

i

[
∂L
∂qi

dqi +
∂L
∂q̇i

dq̇i

]
=

∑

i

[
d
dt

(
∂L

∂q̇i

)
dqi +

∂L

∂q̇i
dq̇i

]
=

∑

i

[
ṗidqi + pidq̇i

]
. ������
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ϨϼܴϡԐࣔРࡄЅ䩟ϢЙњѓϺϦ۴ྦྷࠁяҤࡄйܲߵॶ҃֝ϡԣܼܴ䦚Ўӌϣ܌ϢЙН

йԗ dq̇iᏨюҪідϡܴ࣏Ϻԍܴਅ䩟ѼњНЏ䩟

dH(t, qi, pi) ≡ d(
∑

i

piq̇i −L ) =
∑

i

q̇idpi −
∑

i

ṗidqi. ������

ֲׁҏӓϢЙЏϺϡЌ֝ԣܼܴ䩟ϢЙтѴՀ઼ஂ֝ϲϥЌ֝ѓܲॶࡣܩфܲॶ҃֝ϡԣܼ࣏

ܴ䦚ѼњϢЙϲНйЪډبϡЏϺҒЎՀ઼ஂҤࡄ䩭

∂H
∂pi
= q̇i,

∂H
∂qi
= −ṗi. ������

Հ઼ஂ֝цЗҽϡҪّࣔЋ䩭

dH
dt
=
∂H
∂t
+

∑

i

∂H
∂pi

ṗi +
∑

i

∂H
∂qi

q̇i =
∂H
∂t
. ������

ϼܴϡԐࣔѓϺϦՀ઼ஂҤࡄ䦚ӾՀ઼ஂ֝Ϥ㦄⧆ЗҽϡЗԃ䩟ࣸѼ dH/dt = 0䦚ЇϲϥЛЌ

֝�Հ઼ஂ֝ϥௗၼϡ䦚

☾㣗Ⱞ ⏞㚁⸶⧟

⤴⮒㽶ᱶഏצ冮ᝈምک冮ѐ۩զۯ僚

ϩϣҨѺ֝䩟ޕ f (p, q, t)ϥܲॶࡣܩ p䩟ܲॶ҃֝ qфЗҽ tϡ៲ّ䦚ІѼϡ䩟ؚцЗҽ

ϡҪّࣔЋ䩭

d f
dt
=
∂ f
∂t
+

∑

i

∂ f
∂qi

q̇i +
∑

i

∂ f
∂pi

ṗi =
∂ f
∂t
+

∑

i

(
∂ f
∂qi

∂H
∂pi
− ∂ f
∂pi

∂H
∂qi

)
. ������

ϢЙԗҷԏ࣮ӡॶЋᓉग़၉ً䩭

{H, f } ≡
∑

i

(
∂H
∂pi

∂ f
∂qi
− ∂H
∂qi

∂ f
∂pi

)
. ������

Ғҝ䩟 f ϥϣϬϤࣸଭЗҽϡௗၼ֝䩟ІѼϡ䩟ϢЙϲϴؒ䩟 d f
dt = {H, f } = 0䦚ϸфϢЙ֝

жҨѺЅ䩟ௗၼҨѺ֝ڲላۓછԁՀ઼ஂ֝цډϥणঐϡ䦚

ѸՖϣ܌䩟ϢЙНйӡॶڗҺҖϬҨѺ֝ڲላϡᓉग़၉ً䩭

{ f , g} =
∑

i

(
∂ f
∂pi

∂g
∂qi
− ∂ f
∂qi

∂g
∂pi

)
= −{g, f }. ������

ϸфϢЙϨ֝жҨѺЅѺϺϡцډ�ϤцډԮܴڍϥϣঊϡ䦚
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ჱሯᄐߖরࣧ

⏸ⶌ㗣ᱶ-�'� -DFNVRQ� &ODVVLFDO (OHFWURG\QDPLFV� 6HF� ���� ∼ �����

☾㮥Ⱞ 㽨⍐⪓

ԜൕᵯԸ䩭НйдЋѪඬЄϬѪඬЩԸϡ۟ۂԸ䦚ۘԜൕᵯԸ䩭дڒԸ

䦚ࠟބҽ䩟ࠟބ䩟ҒЗҽ

ԜൕᵯԸЇدଭҖ҇䩟/RUHQW] ERRVWфൕᵯ҃׆䦚ϣડєୂ䩟ϢЙӡॶࡣܩۅף䩭

xµ = {x0, x1, x2, x3} = {ct, x, y, z}. �����

ҮРϣϬൕᵯԸ䩟ϢЙϺ֔ࡔϣϬ৩ԛڍ Xµ䩟јЙҏҽϡԮڍНйԣЋ䩭

Xµ = aµ νxν. �����

Ћ䩭ܴ࣏юᗀಙϡܐԆ䦚߇њϡϩࡣ܋Һ䩭µ䩟νڀ




X0

X1

X2

X3




=




a0
0 a0

1 a0
2 a0

3

a1
0 a1

1 a1
2 a1

3

a2
0 a2

1 a2
2 a2

3

a3
0 a3

1 a3
2 a3

3







x0

x1

x2

x3




. �����

س /RUHQW] WUDQVIRUPDWLRQԗ xν۶ԛсྱथϺ Xµ䦚ϢЙϩ䩭

∂Xµ

∂xν
= aµ ν. �����

䦚ࡣҺϼЎڀ
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зԋϡϥ /RUHQW] ERRVW䦚ቋ zិݬ֏Ћ vz ϡ ERRVWНйԣЋ䩭

X0 = γ(x0 − βx3), �����

X3 = γ(x3 − βx0), �����

X1 = x1, �����

X2 = x2. �����

ԷЅ䩟β = vz/c䩟γ = 1/
√

1 − β2䦚

☾✠Ⱞ 㽨⍖⼋

ϢЙӡॶҖѢҏҽϡயڒЋ s(x, y)䦚Ъ࢙ډبҴ؎யڒϨحڗ৩ԛڍЎЁϥԚҳϡ䦚س䩭

s2(x, y) = (x0 − y0)2 − (x1 − y1)2 − (x2 − y2)2 − (x3 − y3)2

= (X0 − Y0)2 − (X1 − Y1)2 − (X2 − Y2)2 − (X3 − Y3)2. �����

ԼѪԮ䦚ӾѼ䩟s2НйϽӊשϡڍࡣܩ৩ԛڦؚ �䦙ҳӊ �ԁЩӊ �䦚ϸϣѢԁѧۅଡܴӪحѦ

ӌϡயڒϥϤϣ҈ϡ䦚

☾㑻Ⱞ 㽨㖲⼋

цӊḇ֝䩟ϢЙϴ߇дԸḇ 䩛֝FRYDULDQW YHFWRU䩜фဵԸḇ 䩛֝FRQWUDYDULDQW YHFWRU䩜䦚цӊ

Һḇ֝䩟ϢЙւϥНйӡॶဵԸḇ֝䩭Aµڗ = (A0, A1, A2, A3)йߵԸḇ֝ Aµ = (A0, A1, A2, A3) =

(A0,−A1,−A2,−A3)䦚

ㅬ⍐㖲⼋ᱶဵԸḇ֝ϨൕᵯԸЎϡԸಋЋ䩭

A′α =
∂Xα

∂xβ
Aβ = aαβAβ. ������

㨛⍐㖲⼋ᱶԸḇ֝ϨൕᵯԸЎϡԸಋЋ䩭

B′α =
∂xβ

∂Xα
Bβ. ������

ԏٷϡѢۯЋ䩭

B′ · A′ = B′αA′α =
∂xβ

∂Xα
Bβ
∂Xα

∂xγ
Aγ =

∂xβ

∂xγ
BβAγ = δβγBβAγ = B · A. ������

䩭Ըḇ֝ԁဵԸḇ֝ϡѢ༔ϥϣϬس /RUHQW]֝ࡣ䦚
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☾㙼Ⱞ ⛪⥂

ᙕॶԚцڹѦӌࡔϣϬԳϴϡม݉ϥ֏䩛PHWULF WHQVRU䩜䩭gµν

g00 = 1, g11 = g22 = g33 = −1. ������

Էјд֝Ћ �䦚

ӪϬϩѓԮܴڍ䩭

gαβ = gαβ, gαγgγβ = δβα. ������

Ըḇ֝ԁဵԸḇ֝Нй֡Р֏Ԛૠ٩׆䩭

Aµ = gµνAν, Aµ = gµνAν. ������

ḇ֝ҽϡѢ༔䩭

A · B = AµBµ = gµνAµBν = gµνAµBν ������

= B0A0 + B1A1 + B2A2 + B3A3 = B0A0 − B1A1 − B2A2 − B3A3 ������

⤴㲂⛪⥂☨ⰶ䩭ϢЙߎൌѧۅଡܴҽֵϡҖϬḇ֝Ѣۯ䩭

V ·W = (v1e1 + v2e2 + v3e3) · (w1e1 + w2e2 + w3e3) = viw jei · e j = viw jgi j. ������

ҽЅ䩟֏ϲϥ䩭giଡܴۅѧس j ≡ ei · e j䦚ӾϢЙڍࡣܩࡠׯࡺשЗ䩟gi j = δi j䦚

ऴӊйϼϢЙцӊ֏ϡԑث䩟ъАϢЙϲНйѸϮϡಶೄဵԸḇ֝ԁԸḇ֝ҏҽϡц

䦚ဵԸḇ֝ϡӡॶЋ䩭ڍԮ

A = Aiei ������

ۥ Aiพࠃϡḇ֝䦚ъАԸḇ֝ӡॶϲϥ AϨऴḇ e jϼϡؙۄ䩭

A j ≡ A · e j = Aiei · e jAigi j. ������

ϸѦ䩟ϢЙѓϺϦЕӹট໐ؒфज䦚ϣϬࡣ܋ђЌоҲϣҋٷڈҖҋ䦚оѴϣҋϡЗԃЋҴ

䩟ࡣ܋ԑ֝ЋϣϬḇ֝䦚оѴҖҋϡЗԃ䩟ϣӡϣϬϨϼ䩟ϣϬϨЎ䦚ीҏЋᘇ؎䩟ԣܾࡣ܋

䦚ࡣ܋ЎઁЋЎࡣ܋䩟ЇНйԗϼࡣ܋Ћϼڢ٤ࡣ܋НйԗЎ֝צф䦚֏ؒࡣ܋؎цڶࢪ

ےಈѓԜдԸḇ֝ԁဵԸḇ֝䩟ϥӹЋϸЗԃ䩟ϢЙ֡߇ϤЅ䩟֡حϡଡܴӪࢅت
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ϡࡣܩࡠׯऴḇ䩟Ըḇ֝ԁဵԸḇ֝ϥԚӎϡ䦚ϨᙕॶԚцڹЅ䩟ϢЙؑϴѓϺԸḇ֝䦙ဵ

Ըḇ֝䦚ϢЙ؝ԑϡЁϥ৩ԛڍߎ܀䩟കѼϥׯכЗ䩟ӹױ֏֝צϥϣϬ֝צّᗀಙ䦚Ԕ

ϨܲॶԚцڹϡЗԃ䩟ϢЙ܇დॽЗ䩟ϸЗԃ䩟֏֝צϲϥϣϬ࣊ࡣܩ༌ϡ֝צ៲ّ䦚

☾㣗Ⱞ ㋦㚳㱸㱫☨⭎⢔⤴㥥㖷

ऎӡ䩭Ԛӎؒࡣ܋ф䦚

∂

∂xα
=
∂Xβ

∂xα
∂

∂Xβ
, ������

∂

∂xα
= (

∂

∂x0
, (∇) = ∂α, ������

∂

∂xα
= (

∂

∂x0
,−(∇) = ∂α, ������

∂αAα = ∂αAα =
∂

∂x0
A0 + (∇ · (A, ������

∂α∂
α =

∂2

∂x2
0
− ∇2 = ! = !2, ������

ԷЅ䩟!ڈ !2 ϥܼྦྷमڲж䩛GÖ$OHPEHUW RSHUDWRU䩜䩟ԷכҤًНӸНϤӸ䦚∇2 = ∆ϥࠁ

૦ࠁটڲж䦚

☾⽅Ⱞ 㽴㐹☉㢭㺨

ϨҙЌԑЅ䩟֡ಈѓϡϣϬء֧ϥІѼء֧䦚Ϩϸ҇ء֧Ў䩟! = c = 1䦚ԑ֝

ϡ֝ᜋЁࢅϣѓ֝ڱϡ nҋᠢϱԣܾ䦚

Ғ䩭֝ڱ䦙Ќ֝䦙҃֝ϡ֝ᜋЋ 1䦚ӗ֏䦙Зҽϡ֝ᜋЋ −1䦚
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ோᏳலᆓরࣧ

☾㮥Ⱞ ⫑〉⡣ㅴ

Ϩӆڝ䩟ϢЙҘઈϣЎ֝жҨѺϡӪϬԳϴม݉䦚

䩛�䩜֝жҨѺϥࠃพϨݮḇԁҨѺ֝ڲላҏϼϡ䦚

䩛�䩜ݮϡᓆӸ֍ԑ䩭

c1|A〉 + c2|B〉 = |R〉. �����

䩛�䩜۶ԛّڊ䩭

〈A|A〉 ≥ 0, �����

〈B|A〉 = 〈A|B〉∗, (FRPSOH[ QXPEHU) �����

〈B|(c1|A1〉 + c2|A2〉) = c1〈B|A1〉 + c2〈B|A2〉. �����

䩛�䩜ҨѺ֝ڲላ䩭

xi → x̂i, �����

pi → p̂i. �����

,䩭Ω(xiҮਹҨѺ֝ϡ֝жҨѺцࡆ pi)→ Ω̂(xi → x̂i, pi → p̂i)䦚

䩛�䩜ҨѺ֝ڲላϡࡢՄܴ࣏Լݸӊӛಈѓϡԣࢣ䦚֡ಈѓϡϣϬԣࢣϥࡣܩԣࢣ䩟ϸЗ䩟

x̂i = xi, p̂i = −i!
∂

∂xi
, (̂p = −i!(∇. �����
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䩛�䩜цډԮܴڍ䩭[Â, B̂] = ÂB̂ − B̂Â

[x̂i, x̂ j] = 0, [ p̂i, p̂ j] = 0, [x̂i, p̂ j] = i!δi j. �����

ҖϬҨѺ֝ڲላϤцډ䩟ҺڏаϸҖϬҨѺ֝Ьϩ֚ފӎЗ৭ӡ䩛Ϥ৭ӡԛ֍ԑ䩜䦚

䩛�䩜ӆݮԁԟިऴḇ䦚

Ω̂|ωi〉 = Ωi|ωi〉. �����

ϢЙीϸϬҤࡄЋҨѺ֝ڲላ Ω̂ϡӆҤࡄ䩟ԷЅ䩟|ωi〉ЋҨѺ֝ڲላϡӆݮ䩟F�QXPEHU Ωi

Ћ؎ҨѺ֝ڲላϡӆߚ䦚ҨѺ֝ڲላ Ω̂ϡӛϩӆثพюԟިऴḇ䦚ݮحڗЁНйϨ؎ऴḇ

э䩭ࣁҽ

|R〉 =
∑

i

|ωi〉〈ωi|R〉 =
∑

i

ci|ωi〉. ������

ԷЅ䩟ci = 〈ωi|R〉ϥϬ Fّ䦚ґॸ 〈ωi|ω j〉 = δi j ஓϣֺխ䦚ےԜ߿ٶ

䩛�䩜ҨѺ֝ߚۉ䩭Ω̄ = 〈ψ|Ω̂|ψ〉�

䩛�䩜6FKU¶GLQJHU (TXDWLRQ

i!
∂

∂t
ψ = Ĥψ = [

p̂2

2m
+ V(x)]ψ = [− !

2

2m
∇2 + V(x)]ψ. ������

ӆڱϼ܇䩟6FKU¶GLQJHU HTXDWLRQцϡϥ E = T + V = (p2/2m + V䦚ࣸѼϥϤ߿ٶ /RUHQW]

Ըԛϡ䦚ಃଯۤЌЗ䩟ԚцڹԸԛϴؒ䩟

E =
√
(p2c2 + m2

0c4. ������

ӹױ䩟6FKU¶GLQJHU HTXDWLRQҴࣸϤ߿ٶԚцڹԸԛϡϴؒ䩟ؚђϥϨ (p2 + m2
0c2 ЎϡϣϬײ

ঐ䦚

E = m0c2

√

1 +
(p2

m2
0c2
= m0c2


1 +

1
2

(p2

m2
0c2
+ · · ·


 . ������

☾✠Ⱞ ⏥㐵⛊㩂㴓

Ϩӆڝא䩟ϢЙ۰זϽрܾࣁϣЎҒحԪϤцډԮܴڍԐࣔоϤ৭ӡԛԮڍ䩟ڦњזϽ

рܾࣁϣЎ䩟ာณϤ৭ӡԛ֍ԑԁዑ߹ౘԸҏҽϡҳ٣Ԯڍ䦚

ϤцډԮܴڍԁϤ৭ӡԛ֍ԑ䦚ޕϩ Âԁ B̂ҖϬҨѺ֝ڲላϤцډ䩟س [Â, B̂] = iĈ ! 0䦚
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ԷЅ䩟ĈЋ֔ࡔϣϬЈϡҨѺ֝ڲላ䦚ҏӛйϩ iӹж䩟ϥӹЋ [Â, B̂]† = −[Â, B̂]䦚

ҨѺ֝ڲላϡϤ৭ӡ֏ҩӡॶЋ䩛Ҥई䩜䩭

∆A2 ≡ 〈Â2〉 − 〈Â〉2 = 〈(Â − Ā)2〉 ≡ 〈 ˆ̃A2〉. ������

ԷЅ䩟Ā ≡ 〈Â〉Ћڲላ ÂϨ֝ࡆжݮϼϡߚۉ䩟Ћϣӡّ䦚

ѴϨϢЙڲڋ ∆A2∆B2䩭

∆A2∆B2 = 〈ψ| ˆ̃A2|ψ〉〈ψ| ˆ̃B2|ψ〉 = 〈 ˆ̃Aψ| ˆ̃Aψ〉〈 ˆ̃Bψ| ˆ̃Bψ〉. ������

ላڲ䩭س ˆ̃AӑѓϨࡆ䩛ஓϣϡ䩜֝жݮϼЗ䩟ӥকϼϥԗԷྱथϺӎϣ۶ԛҽϡ֔ࡔϣϬ֝

жݮ䩟ѓ | ˆ̃Aψ〉֭ࡣ䦚؎Ј֝жݮϣડєୂЎϤஓϣ䦚

Ўӌ䩟۱ѓ 6FKZDU]Ϥҳܴ䩟|〈u|v〉|2 ≤ 〈u|u〉〈v|v〉䦚؎Ϥҳܴϡ࢙ҴҤ֚ҒЎ䩭

��� 'HßQH� |z〉 ≡ |v〉 − 〈u|v〉〈u|u〉 |u〉. ������

��� &DOFXODWH� 〈z|z〉 ≥ 0. ������

��� 2EWDLQ� 〈u|u〉〈v|v〉 ≥ 〈u|v〉〈v|u〉. ������

4�(�'� ������

ӹױ䩟ϢЙЏϺ䩭

∆A2∆B2 = 〈 ˆ̃Aψ| ˆ̃Aψ〉〈 ˆ̃Bψ| ˆ̃Bψ〉 ������

≥ 〈 ˆ̃Aψ| ˆ̃Bψ〉〈 ˆ̃Bψ| ˆ̃Aψ〉 = |〈ψ| ˆ̃A ˆ̃B|ψ〉|2. ������

Ўӌ䩟ϢЙԗ ˆ̃A ˆ̃BܐЋ

ˆ̃A ˆ̃B =
1
2

( ˆ̃A ˆ̃B + ˆ̃B ˆ̃A) +
1
2

( ˆ̃A ˆ̃B − ˆ̃B ˆ̃A) =
1
2
{ ˆ̃A, ˆ̃B} + 1

2
[ ˆ̃A, ˆ̃B] ������

ӊϥЏϺ䩟

∆A2∆B2 ≥
∣∣∣∣∣
1
2
〈ψ|{ ˆ̃A, ˆ̃B}|ψ〉 + i

2
〈ψ|Ĉ|ψ〉

∣∣∣∣∣
2
. ������

}ҺϺ䩭ڀ ˆ̃A, ˆ̃B}ԁ ĈЁϥᵹܶڲላ䩟јЙϡߚۉЁϥӥّ䦚ӹױ䩟ϢЙҌѬ䩟ϼӌϸϬܴ

жԷӥϥϣϬӥחӸϣϬחϡܴ࣏䦚ԷথЋ

∆A2∆B2 ≥
∣∣∣∣∣
1
2
〈ψ|{ ˆ̃A, ˆ̃B}|ψ〉 + i

2
〈ψ|Ĉ|ψ〉

∣∣∣∣∣
2
=

1
4
〈ψ|{ ˆ̃A, ˆ̃B}|ψ〉2 + 1

4
〈ψ|Ĉ|ψ〉2. ������
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Ғҝ Â䩟B̂ڲላϡцډԮܴڍԝئࢹቕ䩟ĈЋϣࡢՄّ༔йڲ֧ላϡܴ࣏䩟ຎҒ [x̂, p̂] = i!I䩟

ъАҷԏ࣮ߚۉцӊڗҺϣϬݮЁϥّ䦚ϢЙϩ

∆x2∆p2 ≥ !
2

4
������

ԪϸѦ䩟ϢЙНйЃо䩟ҒҝҖϬҨѺ֝ڲላϤцډ䩟ъАјЙҏҽϤࡖϨӎԟިӆ

ϨϤ৭ࡖ䦚ҒҝҖϬҨѺ֝ҏҽڍϨϤ৭ӡԛԮࡖҏҽϣӡٷаԏڏϤϣӡҺ䦚Ѽґ䩟ϸݮ

ӡԛԮڍ䩟ъАۓછԏٷϡцܴډЋϣϬّ䩛ّ༔йڲ֧ላϡܴ࣏䩜䦚

ϬࡢՄϡཇж䩟Іᅰ 1/2ཇжϡІᅰڲላ䩭

Ŝ i =
!

2
σ̂i ������

ԷЅ䩟σ̂iЋઅ۱ᗀಙ䦚ࣸѼ σx ԁ σzϤцډ䦚ъАϢЙНй୳ૢࡆϬ৭ӡ֝жݮϡϤ৭ӡ֏䩭

Լቋа zҤזԜ٩࡙זϡ֝жݮ |z,+〉Ћຎ䩭

∆S 2
z = 〈z,+|Ŝ 2

z |z,+〉 − 〈z,+|Ŝ z|z,+〉2 = 0, ������

∆S 2
x = 〈z,+|Ŝ 2

x|z,+〉 − 〈z,+|Ŝ x|z,+〉2 =
!2

4
! ∞ ������

ࣸѼ䩟∆S 2
x∆S 2

z = 0䦚ڀҺԷԁ֝҃ࡣܩϤ৭ӡԮڍҏҽϡ߇Ԇ䦚

ቋڲڋϣϬཇж䩟֔ࡔ yҤזԜ٩࡙֝זжݮ |y,+〉ϡϤ৭ӡ֏䩭

∆S 2
z = 〈y,+|Ŝ 2

z |y,+〉 − 〈y,+|Ŝ z|y,+〉2 =
!2

4
, ������

∆S 2
x = 〈y,+|Ŝ 2

x|y,+〉 − 〈y,+|Ŝ x|y,+〉2 =
!2

4
. ������

ϸЗ䩟∆S 2
x∆S 2

z =
!4

16䦚

ւֲ䩭ϤϥцӊڗҺ֝ࡆжݮ䩟∆S 2
x∆S 2

z ЁϽӊࡆ৭ӡّߚ䦚

Ўӌ䩟ϢЙߣϡॗڹϣЎϤ৭ӡԛԮڍԁዑ߹ౘԸҏҽϡڍ࠾䦚

䩭ڍԮዑ߹ౘԸ߿ٶம៲ّҏҽࢣம៲ّԁ҃֝ԣࢣԣࡣܩ

ψ(x) =
1√
2π!

∫
dpeipx/!φ(p), ������

φ(p) =
1√
2π!

∫
dxe−ipx/!ψ(x) ������

=
1

2π!

∫
dxe−ipx/!

∫
dp′eip′x/!φ(p′) =

1
2π!

∫
dp′(2π)δ(

p − p′

!
)φ(p′). ������

ԷЅ䩟Ўࡣ iئڊ܋ӡϡϣϬҤז䦚ϸѦϢЙԗዑ߹ౘԸϡ 2πӹжϨц҃֝фࡣܩϣӵϦ
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ϣٻ䩟јЙϥцीϡ䦚ϸϥّѺϼӡॶዑ߹ౘԸϡҤ֚䩟ԑϼ䩟ϣડЁϥԗϸϬӹжӵϨ

цࡣܩϡۯдϼ䦚ԔϸҖ҇҂֚ђϥऎӡϤӎ䩟зټϥҳ٣ϡ䦚

ӹױ䩟ϢЙϨࡣܩԣࢣЎڲڋ (∆x)(∆p)䩭

(∆x)2 ≡
∫

dxψ∗(x)(x − x̄)2ψ(x), ������

(∆p)2 ≡
∫

dxψ∗(x)( p̂ − p̄)2ψ(x). ������

ϢЙԗҷԏҲ҂Ϭዑ߹ౘԸ䩭

(∆p)2 =

∫
dxψ∗(x)(p̂ − p̄)2ψ(x) =

1√
2π!

∫
dxψ∗(x)( p̂ − p̄)2

∫
dpeipx/!φ(p) ������

=
1√
2π!

∫
dx

∫
dpψ∗(x)φ(p)eipx/!(p − p̄)2. ������

ѴϨϢЙϨϸѦӌՊϣϬၼҳӊ �ϡԚӹж䩭

(∆x)2 =

∫
dxψ∗(x)eip̄x/!(x − x̄)2ψ(x)e−ip̄x/! =

∫
dx|S (x)|2(x − x̄)2. ������

ԷЅ䩟S (x) = ψ(x)e−ip̄x/!䦚p̄ϥϣϬ Fّ䦚䩛Ўӌڲڋԍܴ����З䩟ϢЙ۟ۂѓϺҖҋдۯд䦚䩜

(∆p)2 =
1√
2π!

∫
dx

∫
dpψ∗(x)eip̄x/!φ(p)ei(p− p̄)x/!(p − p̄)2 ������

=
1√
2π!

∫
dx

∫
dpψ∗(x)eip̄x/!φ(p)

!2

i2
∂2

∂x2 ei(p− p̄)x/! ������

=
1√
2π!

∫
dpφ(p)

∫
dxS ∗(x)

!2

i2
∂2

∂x2 ei(p− p̄)x/! ������

= −!2 1√
2π!

∫
dx

∫
dpφ(p)ei(p− p̄)x/! ∂

2S ∗(x)
∂x2 ������

= −!2
∫

dxS (x)
∂2S ∗(x)
∂x2 = !2

∫
dx

∣∣∣∣∣
∂S (x)
∂x

∣∣∣∣∣
2
. ������

۱ѓϤҳܴԮڍ䩭

∣∣∣∣∣
∂S (x)
∂x

+ a
x − x̄
(∆x)2 S (x)

∣∣∣∣∣
2
≥ 0. ������

؎ϤҳܴԮڍцӊڗҺ aЁю߹䦚Ӿ aЋӥّЗ䩟

∣∣∣∣∣
∂S (x)
∂x

∣∣∣∣∣
2
+

a2(x − x̄)2

(∆x)4 |S (x)|2 + a
x − x̄
(∆x)2

(
S ∗(x)

∂S (x)
∂x

+ S (x)
∂S ∗(x)
∂x

)
≥ 0. ������
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ԗҷѧ࣮ᏦюҪідϡܴ࣏䩟ϢЙЏϺ䩭

∣∣∣∣∣
∂S (x)
∂x

∣∣∣∣∣
2
+

a2(x − x̄)2

(∆x)4 |S (x)|2 + a
∂

∂x

(
x − x̄
(∆x)2 |S (x)|2

)
− a

(∆x)2 |S (x)|2 ≥ 0. ������

ԗ؎Ϥҳܴц dx҂Ҫҽۯд䩟۱ѓ֎ֺխ䦙ம៲ّϡஓϣ٩䩟ϢЙЏϺ䩭

(∆p)2

!2 + a2 1
(∆x)2 − a

1
(∆x)2 ≥ 0. ������

䩟ϢЙЏϺ䩭࣏Ըߣ

(∆x)2(∆p)2 ≥ (a − a2)!2. ������

؎ҳܴцӊڗҺ aߚЁю߹䦚max[a − a2] = 1/4ӹױ䩟ϢЙЏϺ䩭

(∆x)(∆p) ≥ !
2
. ������

��
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.OHLQ�*RUGRQ (TXDWLRQ

☾㮥Ⱞ 㢜㖬ぼ㮔⤕⯼㦐⛶㨛⍐☨ᱻ

 

魏树一 粒子物理与核物理理论  3

量子场论

经典物理
（⼒热光电） 量⼦⼒学

狭义相对论 量⼦场论

摘⾃：A. Zee, Quantum Field Theory, as simply as possible.

从宏观⾛向微观

从
低
速
⾛
向
⾼
速

c = c
+ 引⼒

强相互作⽤

弱相互作⽤

电磁相互作⽤

（⼴义相对论）

ΔxΔp ≥ ℏ
2

The marriage of quantum mechanics and special 
relativity led to quantum field theory.

Quantum field theory is arguably the greatest 
monument to the human intellect.

迈克尔逊
莫雷实验

⿊体辐射

��Ԓઓઃ䩟ᑻᐗϨ໘ϡҮਹԑѺϽ࿎ϡҖैϽϡຜ࠭䩭ጞࡽᖳ଼ӥࡑйܪߵՄ

ᘙथӥࡑ䦚ϸҖैϽϡຜ࠭ࣔבׯঊϦԑѺቋаҖϬϤӎҤזϡཪܞ䩭䩛�䩜Ԫᒩҵזі

䦚ڹ䩟ᙕॶԚцݬҙזҵݬࠍԑ䩮䩛�䩜Ԫ䩟֝ж

Їϣӡϥцϡ䩟cڹЌٛ䦚Էҋ䩟ᙕॶԚцݮԑϥцϡ䩭ℶ֍жऴ䩟֝ж۰ = c䦚ӹױ䩟

ϢЙҌѬ䩟ϸҖϬԑڹϣӡϥϣϬѸԟԑڹϨࡆԈֺխЎϡײঐ䦚ϸϬѸԟϡԑڹ䩟ϲϥ

֝жԿڹ䦚

Ԛц֝ڹжҨѺϲϥϨтࣁϸ҈ϣࠇѸԟԑڹϡРࡄЅϡϣϬߦϡРᏟ䦚ϨϸѦ䩟Ϣ

ЙҰϴѺܠ䩟Ϩт֝ࣁжԿڹϡРࡄЅ䩟໘Ͻϡ॓ѺрЙϥҒحพࠃЈԑڹϡ䦚ϨϸРࡄЅ䩟Լ

ЏϦѮАюϲй߁ߵϺϦѮА՜֣䩲ϸ҈䩟ҥЌѸಶೄ֝жԿڹϡюϲ䦚
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☾✠Ⱞ 㦐⛶㨛⍐☨㗑╴⒊㗎

.OHLQ�*RUGRQҤࡄϥϢЙԪۘԚцڹԛԑڹҵזԚцڹԸԑڹϡ۰ҋ൪Ն䦚ۘԚц֝ڹ

жҨѺϥۥ 6FKU¶GLQJHUҤࡄᆡϡ䩛Іۥཇж䩜䩭

Êψ((x, t) = Ĥψ((x, t), �����

Ê = i!
∂

∂t
, Ĥ =

(̂p2

2m
= − !

2

2m
∇2, (̂p = −i!(∇. �����

ґԚцڹԸԛϴؒ

E =
√
(p2c2 + m2

0c4. �����

ІѼϡϢЙ୨Ђ䩟ԚцڹԸϡ֝жԑۥ؎ڹҒЎҤࡄᆡ䩭

i!
∂

∂t
ψ((x, t) =

(√
−!2c2∇2 + m2

0c4
)
ψ((x, t). �����

ԔϸϬ୨ЂϩϬЪϽϡ՜֣䩭ૼᄬϥц QDEODڲжؒכҤ࣠䦚ϢЙНйцԷ҂ᆗࣁэ䩟ϿтѴ

ϸϬҤدࡄଭцҽ֧ঞϡѪඬ႒ّࣔ䦚ϸ҈ϡҤۘࡄԡث䩟ґॸϥϣϬۘӡϡҤࡄ䦚Ϣ

ЙᆡԑಋϤϿϥۘӡϡҤࡄ䩟Ͽϩӹҝԛϡ՜֣䦚֚ފݸثϲϥҤࡄਅૼҖᄬдԆӐ

ӑѓϣҋцЗҽϡണّࣔ䩟۱ѓ [Ê, Ĥ] = 0䩟ϢЙЏϺ䩭

−!2 ∂
2

∂t2ψ = (−!2c2∇2 + m2
0c4)ψ. �����

ϸЇцӊ E2 = (p2c2 + m2
0c4䦚ߣԸ࣏䩟ϢЙЏϺ䩭



∂2

∂(ct)2 − ∇
2 +

m2
0c2

!2


ψ =


! +

m2
0c2

!2


ψ = 0. �����

ϢЙНйӡॶڲ֝҃ۅףላ䩭

p̂µ = i!∂µ = i!
∂

∂xµ
= i!(

∂

∂(ct)
,−(∇), �����

p̂µ = i!∂µ = i!
∂

∂xµ
= i!(

∂

∂(ct)
, (∇). �����

ϸ҈䩟Іۥཇж߿ٶϡ .OHLQ�*RUGRQҤࡄЇНйܐЋ䩭

p̂µ p̂µψ = m2
0c2ψ. �����
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Іۥཇж߿ٶϡՀ઼ஂ֝ԁ҃֝ڲላϥцډϡ䦚ӹױ䩟ϢЙНйѓ҃֝ӆݮЧพࠃϣડ

Ћߚ䦚ӆثӌமכ䦚Їϲϥث pµ = (E/c, (p)ϡכӌமثЋ䩭

ψ = exp
[
− i
!

pµxµ
]
= exp

[
− i
!

(Et − (p · (x)
]
. ������

ԗכӌமڊثՊ .OHLQ�*RUGRQҤࡄ䩟ϢЙϲЏϺϦ Eԁ (pҏҽϴ߿ٶϡԮܴڍ䩭

E2/c2 − (p2 = m2
0c2. ������

䩭Eس = ±
√
(p2c2 + m2

0c4䦚Ќ֝ࡖϨҖϬث䩟дԆԼԜߚ䦚ࣄϼ䩟ϸϬЌثϡࡖϨϥϽр

০ .OHLQ�*RUGRQҤࡄ䩟Ֆϣ܌ЧԐࣔо 'LUDFҤࡄϡ֍ӹҏϣ䦚Ԕϥ䩟ϽрԐࣔо 'LUDFҤ

ϼࡑཇжϨӥބཇж䦚ӾЗ䩟ބюثث䦚ӊϥ䩟'LUDFϲԗЌثϨЌࡖҏњ䩟тѴകѼࡄ

ХЬϩҩЃϺ䦚'LUDFцЌثϡث䩟বߞϦބཇжϡࡖϨ䦚њϱ䩟ӥࡑϼ৭ӥЇװϺϦބཇ

ж䩟Ԫґ࢙ࡑϦԑڹϡюۋ䦚

ϸϥࣄϼϡтࣁ䩟ѴϨҘРӳϱЃ .OHLQ�*RUGRQҤࡄ䩟ϸϬЌثԷӥЇНйҩثю

ϥᆡІᅰࡄЇϤϥ՜֣䦚ѴϨϢЙҌѬϦ䩟'LUDFҤױཇж䩟ӹބ ���ཇжϡ҃ؽҤࡄ䩟ґ

.OHLQ�*RUGRQҤࡄϥᆡІᅰЋ �ཇжϡ҃ؽҤࡄ䦚ϸϣѢ䩟ϢЙНйԪЎϣڝ .OHLQ�*RUGRQ

ҤࡄϡԚцڹԸԛЃоϱ䦚

☾㑻Ⱞ .OHLQ�*RUGRQ➝⒴☨㦐⛶㨛⍐㩂

Ϩ xµڍࡣܩЅ䩟.OHLQ�*RUGRQҤࡄНйܐЋ䩭

[ p̂µ p̂µ − m2
0c2]ψ(x) = 0. ������

Ϩ x′µ = aµ νxνڍࡣܩЅ䩟Ғҝ .OHLQ�*RUGRQҤࡢࡄϩԚцڹԸԛ䩟ъА؎Ҥࡄ؎НйܐЋ䩭

[ p̂′µ p̂′µ − m2
0c2]ψ′(x′) = 0. ������

ࣸѼ䩟

∂

∂x′µ
∂

∂x′µ
=
∂xα

∂x′µ
∂

∂xα
∂xβ
∂x′µ

∂

∂xβ
. ������

࣠ࣝӓӌϢЙӡॶϡ xµԁ x′µҏҽϡ /RUHQW]ԸԮܴڍ䩟ϢЙϩ䩭

∂

∂x′µ
∂

∂x′µ
= (a−1)αµ(a

−1) ν
β ∂α∂

β = a α
µ aµβ

∂

∂xα
∂

∂xβ
. ������

��
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ӊۥҺ䩟ڀ xµxµ = x′µx′µϥϬ֝ࡣ䩟ӹױ䩟ϢЙϴؒ

x′µx′µ = aµαxαa β
µ xβ = δ

β
αxαxβ, → aµαa β

µ = δ
β
α. ������

ӊϥ䩟ϢЙЏϺ䩭

∂

∂x′µ
∂

∂x′µ
= δαβ

∂

∂xα
∂

∂xβ
=

∂

∂xµ
∂

∂xµ
������

ӹױ䩟ϢЙϴؒ߿ٶԚцڹԸԛϡ .OHLQ�*RUGRQҤࡄϲϥ䩭

[ p̂′µ p̂′µ − m2
0c2]ψ′(x′) = [ p̂µ p̂µ − m2

0c2]ψ′(x′) = 0. ������

䩭ϢЙϴؒس ψ′(x′) = ψ(x)䦚ӹױϨԿڹЅ䩟.OHLQ�*RUGRQԿЇҩीЋ֝ࡣԿ䦚

ϢЙНйߎൌϣЎϢЙϡכӌமثϲНйЪ࢙ࡑډبϼӌϡԣܼܴ䩭

ψ′(x′) = exp
[
− i
!

p′µx′µ
]
= exp

[
− i
!

pµxµ
]
= ψ(x). ������

☾㙼Ⱞ 㗒⧽⽃

Ϩ 6FKU¶GLQJHU֝жҨѺЅ䩟ம៲ّϡথכҤҩثЋӪଛ઼֏䦚֍ӹҒЎ䩭

i!
∂

∂t
ψ = [− !

2

2m
∇2 + V]ψ, ������

− i!
∂

∂t
ψ∗ = [− !

2

2m
∇2 + V]ψ∗. ������

ϸѦ䩟ϢЙۤޕЌ V ϥӥّ䦚ҷϣϬԍܴਅ༔ϼ ψ∗䩟ҷԏϬԍܴਅ༔ϼ ψ䦚ѼњԼԏٷ

ҏई䩟ϢЙЏϺ䩭

i!
∂

∂t
[ψ∗ψ] = − !

2

2m
[ψ∗∇2ψ − ψ∇2ψ∗] = − !

2

2m
(∇ · [ψ∗(∇ψ − ψ(∇ψ∗]. ������

ӊϥ䩟ϢЙЏϺϸ҈ϣϬԵௗၼԍܴ䩭

∂

∂t
[ψ∗ψ] + (∇ · i!

2m
[ψ(∇ψ∗ − ψ∗(∇ψ] = 0, ������

∂

∂t
ρ + (∇ · (j = 0. ������

��
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ҷԏϬԵௗၼԍܴ䩟ϽрచӡϨӈᛔѺЅԋР䩟ԷӥϲϥӈԵ۟ۂԛҤࡄ䦚ρϥӈ઼ႍ֏䩟(jϥ

ӈԵ઼֏ḇ֝䦚ߎഒϣϬцѧۅՄۯϡۯд䩟

∂

∂t

∫

V
ρdV = −

∫

V
(∇ · (jdV = −

∮

S
(j · d(S . ������

ҳܴਅϥ֧Зҽֵ䩟Մۯ 9ЅӈႍҶϽϡّ۵䦚ҳܴૼϥ֧ЗҽֵԵРՄۯ 9ԣӌ 6

ϡӈႍ֝䦚ًϥӹЋϢЙऎӡԵоϡҤזЋԜҤז䦚Ϩ֝жҨѺЅ䩟ϢЙԗ ψ∗ψثюӪଛ

઼֏䩟ІѼϡ䩟њӌϸϣ၌և՝ϲϥӪଛԵ઼֏ḇ֝䦚

ϢЙЇЂϨ .OHLQ�*RUGRQҤࡄЅװϺणঐϡӪଛث䦚۰ߎൌйЎҖϬҤࡄ䩭

ψ∗( p̂µ p̂µ − m2
0c2)ψ = 0, ψ( p̂µ p̂µ − m2

0c2)ψ∗ = 0. ������

ԗϼЎҖϬҳܴԚँ䩟ϢЙЏϺ䩭

ψ∗∂µ∂
µψ − ψ∂µ∂µψ∗ = 0. ������

۱ѓдۯ܌д䩟

∂µ(ψ∗∂µψ) − (∂µψ∗)(∂µψ) − ∂µ(ψ∂µψ∗) + (∂µψ)(∂µψ∗) = ∂µ(ψ∗∂µψ − ψ∂µψ∗) = 0. ������

ӹױ䩟ϢЙװϺϦϣϬ ∂µ jµ = 䩭ܴ࣏юд֝ϡܐϡௗၼԵ䦚ܴ࣏0

∂

∂(ct)
j0 + (∇ · (j =

∂

∂(ct)

(
ψ∗

∂

∂(ct)
ψ − ψ ∂

∂(ct)
ψ∗

)
− (∇ · (ψ∗(∇ψ − ψ(∇ψ∗) = 0. ������

юܐԑϣЎ䩟ϢЙНйݱ

∂

∂t
ρ + (∇(j = 0, ������

ρ =
1
c2

(
ψ∗

∂

∂t
ψ − ψ ∂

∂t
ψ∗

)
, ������

(j = −(ψ∗(∇ψ − ψ(∇ψ∗). ������

ϸϬև՝ϲٰϢЙҏӓӈᛔѺЅѺϺϡӈԵ۟ۂԛҤࡄЪՌ䦚ӹױ䩟ϢЙЇЂө ρثюӪଛ

઼֏䩟(jثюԵоԣӌϡӪଛԵ઼֏䦚ԔϸѦϩϬԳϡ՜֣䩟ϲϥ ρϤϥԜӡϡ䦚ӹױ䩟

ϢЙϥЬ֚ފөؚثבׯюӪଛ઼֏䦚ࣄϼ䩟ϸϥϽр০ .OHLQ�*RUGRQҤࡄϡҍϣϽ֍

ӹ䦚ѴϨ䩟ϢЙҌѬЌثНйҩثюބཇж䦚ӹױ䩟ϢЙНйԗ ρثюӈ઼ႍ֏䩟Ԫґث

ϦԜӡԛ՜֣䦚ݸ

ԳЈӡॶԵ઼֏ḇ֝䩭

jµ ≡ ie!
2m0

(ψ∗∂µψ − ψ∂µψ∗). ������
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ԷЅ䩟eЋׄӈႍ֧䦚

҃֝Ћ (pϡכӌமثϩԜЌҖϬث䩟Ep = ±
√
(p2c2 + m2

0c4䦚Էம៲ّЋ䩭

ψ± = A± exp
[ i
!

((p · x ∓ |Ep|t)
]
. ������

ՊԳӡॶњϡԵ઼֏ḇ֝䩭ڊ

ρ± =
ie!

2m0c2 |A±|
2
(
∓ i
!
|Ep| − ±

i
!
|Ep|

)
= ±e|Ep|

m0c2 |A±|
2. ������

֡Рׁࡺשϡஓϣ٩ٍЏ

∫

V
ρ±dV = ±e = ±e|Ep|

m0c2 |A±|
2V, → A± =

√
m0c2

|Ep|V
. ������

ϸ҈䩟ϢЙϲНйԗ ρثюӈ઼ႍ֏д䦚ԜЌثцϡϥԜཇж䩛Ԝӈႍ䩜ϡ઼֏д䩟

Ќثцϡϥބཇж䩛ӈႍ䩜ϡ઼֏д䦚

ъАЅԛཇжϡӈ઼ႍ֏дϿϥѮА҈ϡ֦䩲ϢЙϴؒӈႍϡ઼֏д ρ؝؝Ћ �䩟ґॸ

ϴؒӈႍԵ઼֏ḇ֝ (j = 0䩟س䩭

ρ ∝
(
ψ∗

∂

∂t
ψ − ψ ∂

∂t
ψ∗

)
= 0, (j ∝

(
ψ∗(∇ψ − ψ(∇ψ∗

)
= 0. ������

ӹױ䩟ϢЙϴؒ ψЋӥம៲ّ䦚س䩟ϢЙНйพࠃҒЎம៲ّ䩭

ψ(0) =
1√
2

[
ψ+((p) + ψ−(−(p)

]
=

√
2m0c2

|Ep|V
cos

[
1
!

((p · (x − |Ep|t)
]
. ������

☾㣗Ⱞ .OHLQ�*RUGRQ➝⒴☨➧㦐⛶⭁㦎

ҏӓϢЙ٤ϺР䩟ۘԚцࡳ࡙ڹϲϥцӊ (p2 + m2
0c2䩟ϸ҈䩟

E = m0c2

√

1 +
(p2

m2
0c2
∼ m0c2(1 +

1
2

(p2

m2
0c2

) = m0c2 +
(p2

2m0
. ������

ԷЅҷϣ࣮ЋݔঝЌ֝䩛ϥϬّ䩜䦚ҷԏ࣮ϲϥϢЙϴϡҮਹ҃Ќ࣮䦚

ϸ҈䩟ӾݔঝЌ֝ϽӊԷ҃ЌЗ䩟䩛E ∼ m0c2䩜䩟߿ٶ .OHLQ�*RUGRQҤࡄϡம៲ّНйܐ

ю䩭

ψ(t, (x) = φ(t, (x) exp
[
− i
!

m0c2t
]
, ������

��
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ϸ҈䩟

∂

∂t
ψ =

(
∂

∂t
φ − i
!

m0c2φ

)
exp

[
− i
!

m0c2t
]
, ������

∂2

∂t2ψ =

(
∂2

∂t2φ − 2
i
!

m0c2 ∂φ

∂t
− 1
!2 m2

0c4φ

)
exp

[
− i
!

m0c2t
]
≈

(
−2

i
!

m0c2 ∂φ

∂t
− 1
!2 m2

0c4φ

)
exp

[
− i
!

m0c2t
]
.

������

ԷЅ䩟зϽϡϣ࣮ᕟຸϥ m2
0c4䩟ϸϣ࣮Ͽԁ .OHLQ�*RUGRQҤࡄЅૼᄬϡ࣮֝ڱԟҪ௦۽䦚ӹױ䩟

ϢЙϴ߈خϺҋзϽᕟຸ䩟س m0c2 ࣮䦚ҷϣ࣮ᕟຸзЩ䩟ϨۘԚцࡳ࡙ڹЎНйಃଯ䦚ԗϼ

Ҙڊܴ .OHLQ�*RUGRQҤࡄ䩟ϢЙЏϺ

−!
2

c2

(
−2

i
!

m0c2 ∂φ

∂t
− 1
!2 m2

0c4φ

)
exp

[
− i
!

m0c2t
]
=

(
−!2c2∇2 + m2

0c4
)
φ exp

[
− i
!

m0c2t
]
, ������

ӹױ䩟ϢЙϲЏϺ䩛6FKU¶GLQJHUҤࡄ䩜䩭

i!
∂

∂t
φ = − !

2

2m0
∇2φ. ������

��
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'LUDF (TXDWLRQ

☾㮥Ⱞ 㦐⛶㨛⍐☨㴿╴⒊㗎

ҏӓϢЙЇ٤ϺР䩟ϢЙ۰ҋ൪ՆܐоϣϬԚцڹԸϡ҃ؽҤࡄϡЗԃ䩟߁ϺϦҖϽ Ø֜

ཇжϡม݉䩟ϸҖϽ՜֣ބ䩮䩛�䩜ӪଛԵ઼֏ϡԜӡԛ՜֣䦚ІԪϢЙՖϦثÙ䩭䩛�䩜Ќ

ԷӥЁӔҮϤϥ՜֣Ϧ䦚Ϥ܉҈䩟ࣄϼ䩟Ͻрऴӊϼ֍ӹ䩟Ֆϣ܌෬ԷؚНЌϡԚц

䦚ڹԸԑڹ

'LUDFԪ 6FKU¶GLQJHUҤࡄϡڽЂот䩟୨Ђ䩟ࡢϩԜӡӪଛ઼֏ϡம៲ّӛ߿ٶϡ҃ؽҤ

䩭࠻ј୨ױϥцЗҽϡϣ႒ണّࣔ䦚ӹ؎ࡄ

i!
∂

∂t
ψ = Ĥψ = [−i!c(α̂1

∂

∂x1
+ α̂2

∂

∂x2
+ α̂3

∂

∂x3
) + β̂m0c2]ψ. �����

䩛�䩜ϸϬҤࡄЅ䩟α̂1䦙α̂2 ф α̂3 ҖҖҏҽϤЌԚҳ䦚ӹЋ䩟ҒҝڗҺҖϬҏҽԚӎϡҦ䩟

E/c = α̂1(px + py) + α̂3 pz + β̂m0c䩟ϢЙϲϩ E2/c2 = α̂2
1(p2

x + p2
y + 2px py) + · · ·䦚ԪґवϦԚцڹ

Ըԛ䦚

䩛�䩜α̂iф β̂ϤЌϥߣߣϡ cّ䦚ਦजϡҦ䩟ЇϤ߿ٶԚцڹԸԛϡϴؒ䩛й҃׆ߵϤ

Ըԛ䩜䦚

䩭α̂iڹֲ ф β̂ۓછϥڲላ䦚ϢЙНйԗјЙܐю N × N ᗀಙϡܴ࣏䦚ъАம៲ّ ψЇϲۓ

છϥ N Ҳ 䩭سᗀಙ䦚࠶�

ψ =




φ1

φ2

· · ·
φN




, α̂i =




ai
11 ai

12 · · · ai
1N

ai
21 ai

22 · · · ai
2N

· · · · · · · · · · · ·
ai

N1 ai
N2 · · · ai

NN




. �����

��
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ϢЙНйԗ 'LUDFҤܐࡄюд֝ϡܴ࣏䩭

i!
∂

∂t
φσ = [−i!(α̂1

∂

∂x1
+ α̂2

∂

∂x2
+ α̂3

∂

∂x3
)στ + m0c2β̂στ]φτ. �����

ϢЙϴؒ؎Ҥ߿ٶࡄԚцڹԸԛ䩛E2 = (p2c2 +m2
0c4䩜䩟ԪґНйЏо α̂i䩟β̂ϡԛڱ䦚ϢЙԗ

ҤࡄਅૼҖӐҋӑѓцЗҽϡϣ႒ണّࣔ䩟ϢЙ؎НйၖҘϺ .OHLQ�*RUGRQ HTXDWLRQ䦚س䩭

−!2 ∂
2

∂t2φσ = (−i!c(̂α · (∇ + β̂m0c2)στ(i!
∂

∂t
φτ) �����

= (−i!c(̂α · (∇ + β̂m0c2)στ(−i!c(̂α · (∇ + β̂m0c2)τγφγ �����
!
= (−!2c2∇2 + m2

0c4)φσ. �����

ϴЂ߿ٶзњϣҲϡ VKRXOG EH HTXDO WRԮڍ䩟ϢЙЏϺ䩭

∇2
x : α̂1,στα̂1,τγ = δσγ, �����

∇2
y : α̂2,στα̂2,τγ = δσγ, �����

∇2
z : α̂3,στα̂3,τγ = δσγ, �����

m2
0c4 : β̂στβ̂τγ = δσγ, ������

∇x∇y : α̂1,στα̂2,τγ + α2,στα̂1,τγ = 0, ������

∇x∇z : α̂1,στα̂3,τγ + α3,στα̂1,τγ = 0, ������

∇y∇z : α̂2,στα̂3,τγ + α3,στα̂2,τγ = 0, ������

∇xm0c2 : α̂1,στβ̂τγ + βστα̂1,τγ = 0, ������

∇ym0c2 : α̂2,στβ̂τγ + βστα̂2,τγ = 0, ������

∇zm0c2 : α̂3,στβ̂τγ + βστα̂3,τγ = 0. ������

ւֲюߣೕϡܴ࣏䩟ϢЙϩ䩭

α̂2
i = β̂

2 = I, α̂iα̂ j + α̂ jα̂i = 2δi jI, α̂iβ̂ + β̂α̂i = 0. ������

ֳܨ䩟ϢЙХ֔ױ Ĥϥᵹܶϡ䦚ӊϥϢЙЏϺ α̂†i = α̂i䩟β̂† = β̂䦚ЇϲϥЛ α̂i ф β̂Ёϥᵹܶ

ӊۥ֔ױЁϥӥّ䦚ߚላ䩟јЙϡӆڲ α̂2
i = I䩟ӹױ䩟α̂iϡӆثђЌϥ ±1䦚

䩛�䩜ۥӊ α̂iβ̂ + β̂α̂i = 0йߵ β̂2 = 1䩟ϢЙЏϺ

Tr[α̂i] = −Tr[β̂−1α̂iβ̂] = −Tr[α̂iβ̂β̂
−1] = −Tr[α̂i] → Tr[α̂i] = 0 ������

䩛�䩜Ϩ α̂i ϡӆԣࢣЎ䩟ڲላ α̂i ϥцࡠϡ䦚ҷ nҲ n࠶цׄࡠ ai,nn ђЌԼ ±1䦚ґۥӊ

Ћ �䩟
∑N

n=1 ai,nn = 0䩟ϢЙНҌ䩟N છϥઢّ䦚ۓ

��
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зЩϡઢّϥ 2× ߿ٶᗀಙ䦚ϸЗ䩟ۅ2 α̂i䦙β̂ҽބцډԮڍϡϲϥ 3DXOLᗀಙ䦚зЄ �Ϭ۶

ԛݼ߹ᗀಙ䩟Ѫ֚พࠃоԟݱϡ α̂iф β̂䦚

ӹױ䩟зЩϡНЌϥ 4 × 4ᗀಙ䦚Ϩ 'LUDFԣࢣЎ䩭

α̂i =




0 σ̂i

σ̂i 0


 , β̂ =



I 0

0 −I


 . ������

ԷЅ䩟Iϥ֧ᗀಙ䩛ੜؕؑϴ䩟ϩЗԃϥ 2 × 2ᗀಙ䩟ϩЗԃϥ 4 × 4ᗀಙ䦚䩜σ̂i=1∼3ϥ 3DXOLᗀ

ಙ䦚Ϩ σ̂3ӆԣࢣЎ䩟

I =



1 0

0 1


 , σ̂1 =



0 1

1 0


 , σ̂2 =



0 −i

i 0


 , σ̂3 =



1 0

0 −1


 , ������

ᆨϼ䩟ϢЙЏϺ䩟߿ٶൕᵯԸԛϴؒϡ 'LUDFҤࡄ䩭

i!
∂

∂t
ψ = −i!c




3∑

i=1

α̂i
∂ψ

∂xi


 + m0c2β̂ψ. ������

ԷЅ䩟α̂i ф β̂Ёϥ 4 × 4ᗀಙ䩟ॸ߿ٶҏӓѯоϡބцډԮܴڍ䦚ம៲ّ ψϥ 4 × 1ᅰ֝䩟ؚϡ

ҟϬд֝Ё߿ٶ .OHLQ�*RUGRQҤࡄ䦚

☾✠Ⱞ 㸡⛊☨⭎⿔イ⛪

䩭⺗Էᵹܶߵࡄ䩟'LUDFҤ۰

i!
∂

∂t
ψ = −i!c




3∑

i=1

α̂i
∂ψ

∂xi


 + m0c2β̂ψ, ������

− i!
∂

∂t
ψ† = i!c




3∑

i=1

∂ψ†

∂xi
α̂i


 + m0c2ψ†β̂. ������

䩛Լ⺗ߒঞњԼ׆юϦԼ⺗ߒላЁϥᗀಙ䩟ҏӓϡԼڲӊம៲ّфۥҺ䩟ڀ GDJJHU䩜䦚ҷ

ϣϬԍܴਅ༔ ψ†ँЧҷԏϬԍܴૼ༔ ψЏ䩭

i!
∂

∂t
(ψ†ψ) = −i!c

3∑

i=1

∂

∂xi
(ψ†α̂iψ) = −i!c(∇ · (ψ†(̂αiψ). ������

ϸ҈ϢЙϲװϺϦௗၼԵ䩭

∂

∂t
ρ + (∇ · (j = 0. ������

��
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ԷЅ䩟ρ = ψ†ψ䩟(j = cψ†(̂αψ䦚ϢЙНйԗ ρܐюд֝ϡܴ࣏䩭

ρ = ψ†ψ =
(
φ∗1, φ

∗
2, φ
∗
3, φ
∗
4

)




φ1

φ2

φ3

φ4




=

4∑

i=1

φ∗i φi. ������

ЪډبЃо䩟ؚϥԜӡϡ䦚

цௗၼԵϡՄۯ҂ۯд䩟ϢЙЏϺ䩭

∂

∂t

∫

V
ρdV = −

∫

V
(∇ · (jdV = −

∮
(j · d(S . ������

ਅϥϨՄۯ V ϥԵоԣӌЗҽϡԸ٩䩟ૼڦϺཇжϡӪଛװֵ S ϡӪଛԵ䦚

☾㑻Ⱞ 㽴㱱⻯㽳 'LUDF➝⒴☨ⰶ

ϢЙԗ 'LUDFҤܐࡄюѸࠤᏦϡܴ࣏䩟

i!
∂

∂t
Ψ((x, t) =

(
c(̂α · (̂p + m0c2β̂

)
Ψ((x, t) = ĤΨ((x, t), (̂p = −i!(∇. ������

ࣸѼ䩟цӊІۥ'LUDFҤࡄ䩟Հ઼ஂ֝ԁ҃֝ڲላцډ䩟јЙϩӎӆݮ䩟ϢЙНйଷװϸԈ

оЌ֝Ћܐҵ䩟ڛڍ༌Ԯ࣊䩟ϢЙԗம៲ّцЗҽϡ䦚۰ݮӎӆ E ϡӡݮ 'LUDFҤࡄϡ

䩭ث

Ψ((x, t) = ψ((x) exp
[
− i
!

Et
]
, ������

Ĥψ((x) = Eψ((x). ������

ѴϨ ψ((x)ђدଭцҽࡣܩϡ࣊༌࣮䦚ؚϥϣϬ �Ҳ ࣏юҖϬԏд֝ϡܐᗀಙ䦚ϢЙԗؚ࠶�

ܴ䩭

ψ((x) =




φ((x) =



ψ1((x)

ψ2((x)




χ((x) =



ψ3((x)

ψ4((x)







. ������

ϸ҈䩟ӡݮ 'LUDFҤࡄϲԸю䩭

E



φ

χ


 = c




0 (σ · (̂p
(σ · (̂p 0






φ

χ


 + m0c2



I 0

0 −I






φ

χ


 . ������

��
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ѴϨ䩟ϢЙଷ؝װӊ҃֝ӆݮϡכӌமث䩟ӆߚЋ (p䦚ъА 'LUDFҤࡄϡثНйܐю䩭



φ((x)

χ((x)


 =



φ0

χ0


 exp

[ i
!

((p · (x)
]
. ������

ϸ҈ 'LUDFҤࡄϲԸЋ䩭

Eφ0 = c((̂σ · (p)χ0 + m0c2φ0, ������

Eχ0 = c((̂σ · (p)φ0 − m0c2χ0. ������

ϨϸѦ䩟(pϥϣϬࡢՄϡѧḇ֝䩟ϤӐϥϣϬڲላϦ䦚࣠ࣝ۶ԛّڊ䩟؎Ҥࡄॵϩۘכᑳثϡֺ

խЋ䩭

∣∣∣∣∣∣∣
(E − m0c2)I −c((̂σ · (p)

−c((̂σ · (p) (E + m0c2)I

∣∣∣∣∣∣∣
= 0. ������

3DXOLᗀಙϡԛڱ䩭

((̂σ · (A)((̂σ · (B) = (A · (BI + i(̂σ · ((A × (B). ������

ϴ࢙Ҵϸ࣮ԛڱ䩟ϢЙђؑϴԗϼܴܐюд֝ϡܴ࣏䩭

((̂σ · (A)((̂σ · (B) =


∑

i

σ̂iAi






∑

j

σ̂ jB j


 =

∑

i j

AiB j

[
σ̂iσ̂ j + σ̂ jσ̂i

2
+
σ̂iσ̂ j − σ̂ jσ̂i

2

]
������

=
∑

i j

AiB j
[
δi jI + iεi jkσk

]
������

ϢЙтѴ䩭

E2 = (p2c2 + m2
0c4 → E = ±

√
(p2c2 + m2

0c4. ������

ӎЗ䩟φ0 ԁ χ0ҽϡԮڍЋ䩭

χ0 =
c(̂σ · (p

E + m0c2φ0, φ0 =
c(̂σ · (p

E − m0c2χ0 ������

зټ䩟ԟݱϡӡݮ 'LUDFҤࡄϡثНйܐЋ䩭

Ψ(p,Ep((x, t) = N




φ0
c(̂σ·(p

Ep+m0c2φ0


 exp

[ i
!

((p · (x − Ept)
]
, ������

ԷЅ䩟Ep = ±
√
(p2c2 + m2

0c4�

��
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ஓϣ٩ֺխ䩭

φ†0φ0 = 1, ������
∫

d3xΨ†
(p1,Ep

((x, t)Ψ(p2,Ep((x, t) = δ3((p1 − (p2). ������

ӹױ䩟ϢЙϩ䩭

|N |2

φ†0φ0 + φ

†
0

c2((̂σ · (p1)((̂σ · (p2)
(E + m0c2)2 φ0


 (2π)3!3δ3((p1 − (p2) = δ3((p1 − (p2). ������

ҳϡ䩟ϢЙϴؒ

|N |2 = 1
(2π!)3

(E + m0c2)2

(E + m0c2)2 + (p2c2 =
1

(2π!)3
(E + m0c2)2

E2 + m2
0c4 + 2Em0c2 + (p2c2

������

=
1

(2π!)3
(E + m0c2)2

E2 + 2Em0c2 + E2 =
1

(2π!)3
E + m0c2

2E
. ������

☾㙼Ⱞ γ⳪㸗⭆㙣㦏㩂㨛⍐⼋

ϼࠅڝϢЙԐࣔоϦ 'LUDFҤࡄ䩭

i!
∂

∂t
ψ = (c(̂α · (̂p + m0c2β̂)ψ. ������

ԷЅ䩟

β̂ =



I 0

0 −I


 , (̂α =



0 (̂σ

(̂σ 0


 . ������

֡РՖ γᗀಙ䩟ϢЙНйԗ⌃ܐࡽࠁюѸ݊ϡܴ࣏䦚

γ0 ≡ β̂ =


I 0

0 −I


 , γi=1∼3 ≡ β̂α̂i =




0 σ̂i

−σ̂i 0


 . ������

ϢЙԗ 'LUDFҤࡄਅૼҖӎЗਅ༔ γ0/cЏ䩭

[
i!γµ

∂

∂xµ
− m0c

]
ψ =

[
i!(γ0

∂

∂(ct)
+ γ1

∂

∂x1
+ γ2

∂

∂x2
+ γ3

∂

∂x3
) − m0c

]
ψ = 0, ������

(γµ p̂µ − m0c)ψ = ( /̂p − m0c)ψ = 0. ������

䩟ϢЙХϩՖ֔ױ γ5 ላً䩭γ5 ≡ γ0γ1γ2γ3䦚
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ϸԈ γᗀಙ߿ٶϡބцډԮܴڍНйЪډبЏϺ䩭

γµγν + γνγµ = 2gµνI, γ5γ
µ + γµγ5 = 0. ������

γᗀಙНйพࠃԪ ��Ϭ۶ԛݼ߹ϡᗀಙ䩟јЙНйѓϱࣁэڗҺϡ 4 × 4ᗀಙ䦚

I γ5 γµ γ5γ
µ σµν ≡ i

2
[γµ, γν] ������

1 1 4 4 6 ������

ԿڹЅҮѓϺ γᗀಙϡ䦚

Tr[I] = 4, Tr[γ5] = 0, γ2
5 = I. ������

۱ѓᗀಙؒϡԮڍйߵ γ5 ϡئԛ䩭

Tr[γµ] = Tr[γ5γ5γ
µ] = −Tr[γ5γ

µγ5] = −Tr[γµγ5γ5] = −Tr[γµ] → Tr[γµ] = 0. ������

ӎԑНЏّ࡞حڗϬ γᗀಙϡЋ �䦚ઢّϬ γᗀಙϡНй֡РҒЎҤ֚ڲڋ䩭

Tr[γµγν] = Tr[{γµ, γν} − γνγµ] = Tr[2gµνI − γνγµ] = 8gµν − Tr[γνγµ] → Tr[γµγν] = 4gµν. ������

'LUDFҤࡄϡௗၼԵЇНйՖϣܐ܌Ћ䩭

∂

∂t
ρ + (∇ · (j = 0. ������

ԷЅ䩟

ρ = ψ†ψ, (j = cψ†(̂αψ. ������

۱ѓ γᗀಙйߵ ψ̄ = ψ†γ0䩟ϢЙЏϺ䩭

∂µ jµ =
∂

∂(ct)
j0 +

∂

∂x1
j1 +

∂

∂x2
j2 +

∂

∂x3
j3 = 0. ������

ԷЅ䩟

jµ = ψ̄γµψ. ������

֝ࡣ۶ԛԸ֝䩭ה ψ̄ψ䩮♺֝ࡣ ψ̄γ5ψ䩮ḇ֝ ψ̄γµψ䩮ិḇ֝ ψ̄γ5γµψ䩮֝צ ψ̄σµνψ䦚
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☾㣗Ⱞ 'LUDF➝⒴☨㦐⛶㨛⍐㩂

Ҵ࢙䩟ϴ۰ 'LUDFҤࡄϡԚцڹԸԛ䩟ϢЙؑϴ࢙ҴϨҖϬڍࡣܩ x′µ = aµ νxνҽ䩟

[i!γµ
∂

∂xµ
− m0c]ψ(x) = 0, ������

[i!γ′µ
∂

∂x′µ
− m0c]ψ′(x′) = 0. ������

Ѕϡڍϥϣ҈ϡ䦚ԷЅ䩟γ′µϥϨհᤂܴ࣏ϡࡄҤ҃ؽ JDPPDᗀಙ䦚࣠ࣝᙕॶԚцڹϴؒ䩟ԑ

ಋϨϤӎڍࡣܩЎϥϣ҈ϡ䦚ӹױ䩟ϢЙϴؒ䩟Јϡ JDPPDᗀಙ߿ٶӎ҈ϡބцډԮܴڍй

䩭س䦚ڍᵹܶԮߵ

γ′µγ′ν + γ′νγ′µ = 2gµνI, (γ′µ)† = γ′0γ′µγ′0. ������

۶ԛّڊНй࢙Ҵ䩛5HY� 0RG� 3K\V�� ��� ���������䩜䩭߿ٶϼϸ҇ڲؽजϡ γф γ′ ᗀ

ಙНй֡Р⃗ԜԸڍ࠾вϱ䩭

γ′µ = Û†γµÛ, Û† = Û−1. ������

ϸ҈䩟հᤂڍЅϡ 'LUDFҤࡄНйܐЋ䩭

[i!γ′µ
∂

∂x′µ
− m0c]ψ′(x′) = [i!Û†γµÛ

∂

∂x′µ
− m0c]ψ′(x′) = 0. ������

ਅ༔ Û ЏϺ䩭

[i!γµ
∂

∂x′µ
− m0c]Ûψ′(x′) = 0. ������

ம៲ّ ψ′(x′)ҮРϣϬ⃗ԜԸҏњകѼϥϣϬҳ٣ϡம៲ّ䦚ӹױ䩟࢙Ҵ'LUDFҤࡄԸԛҳ

ّ៲மװЋଷ ψ(x)ϨൕᵯԸЎϡԸܴ࣏䩟ٍЏйЎҤࡄϥю߹ϡ䩭

[i!γµ
∂

∂xµ
− m0c]ψ(x) = 0, ������

[i!γµ
∂

∂x′µ
− m0c]ψ′(x′) = 0. ������

Ћ䩭ڍԮҽϡԸࡣܩ

x′µ = aµ νxν,
∂

∂xµ
=
∂x′ν

∂xµ
∂

∂x′ν
= aν µ

∂

∂x′ν
. ������

��
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ϢЙޕம៲ّҏҽϡ /RUHQW]ԸНйܐЋ䩭

ψ′(x′) = Ŝ (â)ψ(x), ψ(x) = Ŝ −1(â)ψ′(x′) = Ŝ −1(â)ψ′(âx) = Ŝ (â−1)ψ′(x′) = Ŝ (â−1)ψ′(âx). ������

ࣸѼ䩟ԑϼϢЙϴؒ䩭Ŝ −1(â) = Ŝ (â−1)䦚

հՊҷϣϬ 'LUDFҤࡄ䩟ϢЙЏϺ䩭

[i!γµ
∂

∂xµ
− m0c]ψ(x) = [i!γµaν µ

∂

∂x′ν
− m0c]Ŝ −1(â)ψ′(x′) = 0. ������

Ұϴ䩟Ŝ ѦӌϤدଭҽࡣܩ䩟Нйԁّࣔцډ䦚ӹױ䩟ϼܴਅ༔ Ŝ (â)НЏ䩟

[i!Ŝ (â)γµŜ −1(â)aν µ
∂

∂x′ν
− m0c]ψ′(x′) = 0. ������

ϸ҈䩟࢙Ҵ 'LUDFҤࡄϡԸԛϲϥϴװϺϣϬԸᗀಙ Ŝ (â)ٍЏ

Ŝ (â)γµŜ −1(â)aν µ = γ
ν ������

ഒϣϬѪඬЩߎ䩟ϢЙ۰ /RUHQW]Ը䩟aµ ν = δ
µ
ν + ∆ω

µ
ν䦚ۥӊ aµ νa

ρ
µ = δ

ρ
ν䩟ϢЙЏϺ䩭

aµ νa
ρ
µ = (δµν + ∆ω

µ
ν)(δ

ρ
µ + ∆ω

ρ
µ ) = δρν + ∆ω

ρ
ν + ∆ω

ρ
ν + ∆ω

2 = δρν . ������

ӹױ䩟ϢЙϩ䩭

∆ω ρ
ν + ∆ω

ρ
ν = 0. ������

༔й gµνԸюϼࡣ䩟ϢЙЏϺ䩭

∆ωνρ + ∆ωρν = 0. ������

Ҵ࢙ 'LUDFҤࡄϡԚцڹԸԛЇϲюϦ࢙Ҵ䩭

Ŝ (â)γµŜ −1(â)aν µ = γ
ν → Ŝ (â)γρŜ −1(â) = a ρ

ν γν. ������

ϢЙНйԗ Ŝ (â)ЇܐюѪඬЩൕᵯԸࣁэϡܴ࣏䩟س䩭

Ŝ (â) = I − iΣ̂αβ∆ωαβ, Ŝ −1(â) = I + iΣ̂αβ∆ωαβ. ������

䩟ϢЙԗϼܴհՊ܇ϼࢅت 'LUDFҤࡄԸԛϴؒѦӌ䩟ϲНйЏо Σ̂ԁ γᗀಙϡцډԮܴڍ䩟

ԪґԐࣔоᗀಙ Σ̂ϡࡢՄܴ࣏䦚ѴϨϢЙבׯөমଈڊՊϼܴ䩟ϢЙϲ࢙ࡑϦ 'LUDFϡԸԛ䦚
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ϢЙᐌϱϡমଈϥ䩭

Ŝ (∆ω) = I − i
4
σ̂αβ∆ω

αβ, σ̂αβ =
i
2

[γα, γβ]. ������

ІѼϡ䩟ϢЙНйڲڋ Ŝ γŜ −1

Ŝ (∆ω)γρŜ −1(∆ω) =
(
I +

i
4
σ̂µν∆ω

µν
)
γρŜ −1(∆ω) = γρ +

i
4

([γρ, σ̂µν] − γρσ̂µν)∆ωµνŜ −1(â). ������

ԷЅ䩟

[γρ, σ̂µν] =
i
2

[γργµγν − γργνγµ − γµγνγρ + γνγµγρ] ������

ϢЙйҷѧ࣮ЋຎڲڋϣЎ䩭

γµγνγ
ρ = γµ({γν, γρ} − γργν) = 2δρνγµ − γµγργν = 2δρνγµ − 2δρµγν + γργµγν. ������

ϢЙԗҷ࣮ף҂ӎ҈ၼҳԸ࣏ԗ γρϺзӓӌϲϿтѴ䩭

[γρ, σ̂µν] = 2i(δρµγν − δρνγµ). ������

Ғױ䩟

Ŝ (∆ω)γρŜ −1(∆ω) = γρ +
1
2

(γµ∆ωµρ − γν∆ωρν)Ŝ −1(∆ω). ������

ࡣ܋ԗᘇ۰ νю µ䩟Ѽњ߈خ ∆ωϣҋҤ࣮䩟۱ѓ ∆ωބцीϡئԛ䩟ЏϺ䩭

Ŝ (∆ω)γρŜ −1(∆ω) = γρ + γµ∆ωµρ = a ρ
µ γ
µ. ������

ԟ䦚࢙ڹ

☾⽅Ⱞ 㽴㩫 1/2▞♋⻯㽳㵀♋╫⒉㺲㴱⛑ᱶ⡽㙱☉㢭㺨

Ϩϸϣڝ䩟ϢЙߎൌհӈཇжϨӈᛔԿЅϡիҨєୂ䦚Ϩϸϣڝ䩟ϢЙ۰ҘઈҮਹԑڹ䩟

֡Р߇д҃ؽѺ҃֝фԜज҃֝䦙ԐࣔҮਹԑڹЅϡՀ઼ஂ֝䩟ԪґЏϺ೩т䦚Ֆϣ܌ԗІۥ

ཇж 'LUDFҤࡄᇓࣁϺدଭԚૠӑѓϡєୂ䦚Ϩҙটء֧Ў䩭ൕᵯҨ (F = q(E + q
c(v × (B䦚ӎ

ЗӈᛔԿԁۤ֝ࡣḇ֝ۤҏҽϡԮڍ䩭

(E = −(∇Φ − 1
c
∂(A
∂t
, ������

(B = (∇ × (A. ������
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ϨҮਹӈᛔѺЅ䩟ϢЙՊϦۤ֝ࡣ Φ((x, t)ԁḇ֝ۤ (A((x, t)䦚ϢЙพࠁࠃᖐ֝ L

L = 1
2

mv2 − qΦ(x, t) +
q
c

v · (A(x, t). ������

ଡ۴ྦྷࠁ�ࠁяҤࡄ䩭

∂L
∂xi
=

d
dt
∂L
∂vi
=

d
dt

[
mvi +

q
c

Ai(x, t)
]
= mai +

q
c

dAi(x, t)
dt

= mai +
q
c
∂Ai(x, t)

∂t
+

q
c

∑

j

∂x j

∂t
∂Ai(x, t)
∂x j

.

������

ϼܴਅХҳӊ䩭

∂L
∂xi
= −q

∂

∂xi
Φ(x, t) +

q
c

∑

j

v j
∂A j(x, t)
∂xi

������

䩟ϢЙтѴ䩭ٷԏ߹࠾

mai = Fi = −q[∇iΦ +
1
c
∂

∂t
Ai] +

q
c

∑

j

[v j∇iA j − v j∇ jAi] ������

䩭ܴ࣏юḇ֝ܐ

(F = m(a = −q

(∇Φ +

1
c
∂(A
∂t


 +

q
c
(v × ((∇ × (A). ������

ԑϡԿ (E䩟(Bԁḇ֝Կ֝ࡣߵԿϡԮڍНҌ䩭

(F = m(a = q(E +
q
c
(v × (B. ������

ϸԜϥϢЙҏӓӈᛔѺЅѺРϡհӈཇжϨӈᛔԿЅիϺϡൕᵯҨ䦚Ԫґ৭ڶϦ؎ࠁᖐ֝৭

ӥϥᆡհѢཇжϨӈᛔԿЅ҃ؽ૮ݮϡ֝䦚

ІѼϡ䩟࣠ࣝϢЙԜज҃֝ϡӡॶܴ䩭

(P =
∂L
∂(v
= m(v +

q
c
(A. ������

ЇϲϥЛϢЙϨ҃ؽѺ҃֝ m(vϡऴኜϼ䩟ҍӸϦ q(Aϸϣ࣮䦚

࣠ࣝՀ઼ஂҤࡄ䩟ϢЙܐоϸ҈ࢅڍϡՀ઼ஂ֝Ћ䩭

H =
∑

Pivi −L = mv2 +
q
c
(v · (A − 1

2
mv2 + qΦ − q

c
(v · (A = 1

2
mv2 + eΦ =

1
2m

((P − q
c
(A)2 + qΦ. ������
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ӹױ䩟ϢЙНйцІۥ 'LUDFҤࡄ҂зЩᇓࣁ䩟ԪґԗӈᛔԚૠӑѓߎഒՖϱ䩭

(̂p⇒ (̂p − q
c
(A, Ĥ ⇒ Ĥ + qΦ. ������

ӊϥ䩟ϢЙЏϺ

i!
∂

∂t
ψ =

[
c(̂α · ( (̂P − q

c
(A) + m0c2β̂ + qΦ

]
ψ. ������

ԷЅ䩟 (̂P = −i!(∇ϥ㸡㵘⛑⼋䦚ЋϦߣвԋ䩟ϢЙՊЈϡላً (P ≡ (̂P − q
c
(A = −i!(∇ − q

c
(A䦚

ϢЙಈԼۘԚцࡳ࡙ڹ䩟س E ∼ m0c2 4 pc䦚ϢЙԗԷ֝ڱڦԸ٩ϡחдڛݼоϱ䩭

ψ =



φ((x, t)

χ((x, t)


 exp

[
− i
!

m0c2t
]
. �������

ԏд֝ϡ 'LUDFҤࡄ䩭

i!
∂

∂t
φ = c(σ · (Pχ + qΦφ, �������

i!
∂

∂t
χ = c(σ · (Pφ + qΦχ − 2m0c2χ. �������

ϨۘԚцࡳ࡙ڹЎ䩟i!∂χ/∂t + m0c2χ䩟ୟԿײঐЎ䩟qΦχ + m0c2χ䦚ϸЗ䩟ԏд֝'LUDFҤ

ԸЋ䩭ࡄ

χ =
(σ · (P
2m0c

φ, i!
∂

∂t
φ =

((σ · (P)((σ · (P)
2m0

φ + qΦφ. �������

ԷЅ䩟

((σ · (P)((σ · (P) = (P · (P + i(σ · ((P × (P) = (P · (P + i(σ · [(−i!(∇ − q
c
(A) × (−i!(∇ − q

c
(A)] �������

= (P · (P + i(σ · [iq
c
!((∇ × (A + (A × (∇)]. �������

Һ䩟ϸѦڀ QDEODڲжϡӑѓ䦚ҷϣϬ QDEODڲж૽ӑѓϨ (Aϼ䩟ҍӑѓӊҏњϡம៲ّϼ䦚

ϢЙй zҤזЋຎ䩟ܾࣁϣЎҒڲڋح

((∇ × (A + (A × (∇)z = ∇xAy − ∇yAx + Ax∇y − Ay∇x �������

= (∇xAy) + Ay∇x − (∇yAx) − Ax∇y + Ax∇y − Ay∇x �������

= (∇xAy) − (∇yAx) = (∇ × (A)z �������

��
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ԷЅ䩟၉ًԣܾ QDEODڲжӑѓϨֵחϡ Aϼ䦚ϸ҈䩟

((σ · (P)((σ · (P) = (P · (P − q
c
!(σ · ((∇ × (A) = (P · (P − q

c
!(σ · (B. �������

ϸ҈䩟ϢЙϲҘϺ 6FKU¶GLQJHUҤࡄ䩭

i!
∂

∂t
φ((x, t) =




(−i!(∇ − q
c
(A)2

2m0
− q!

2m0c
(̂σ · (B + eΦ


 φ((x, t) �������

ԷЅ䩟ҷϣ࣮Ћ҃Ќ࣮䩟зњϣ࣮цϡӈۤЌ䩟Ѕҽϸ࣮ϲϥІᅰᛔᗀϨᛔԿЅϡۤЌ࣮䦚ґ

e!/2m0cϲϥᆂᛔж䦚ґ !
2 (̂σजϥІᅰ�1/2ཇжϡІᅰڲ֝҃ࡠላ䦚(̂σϡӆߚЋ ±1䦚

㵀⥖⭠☉㢭㺨㥲ᱶ

ൕᵯҨ䩭 (F = q(E + q(v × (B䦚ӈᛔԿԁۤ֝ࡣ䦙ḇ֝ۤҏҽϡԮڍ䩭

(E = −(∇Φ − ∂
(A
∂t
, �������

(B = (∇ × (A. �������

Ћ䩭ܐ۴ྦྷя֝Нйࠁ

L = 1
2

mv2 − qΦ(x, t) + qv · (A(x, t). �������

��
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ยኳᏳႜ

☾㮥Ⱞ 㺲㨲㗀⒉

ІѼ֎ࡖϨϣϽणϡܧцीۤԿ䦚Ϩϸ҇ԿЅ䩟ҽЅࡆѢϡۤЌ࣊༌ӊ؎Ѣயڒ֍Ѣ

ϡயڒ䦚س䩭V(r)ϥዓזயڒ rϡ៲ّ䩟ԁ࡙ࡠ θфҤ֧ࡠ φЁЬϩԮڍ䦚ϸ҇ۤԿϡࠁᖐ

ௗၼ䦚֝҃ࡠЇϲІѼϡцױϤԸԛ䩟ӹ҃׆ϩࡢ֝

ϨЅКۤԿ䩟зІѼϡϢЙѓڍࡣܩܧзЋҤ۬䦚ϢЙ۰ೀཾϣЎڍࡣܩܧЎϡ QDEOD

ж䦚ڲж䦙/DSODFHڲ

Ϩṟӡ⡊ҤࡄЅ䩟Հ઼ஂ֝Ћ䩭

Ĥ =
(̂p2

2m
+ V(r) = − !

2

2m
∇2 + V(r). �����

ԷЅ QDEODڲжϨڍࡣܩܧЎϡԣܾܴ࣏Ћ䩭

(∇ = (ex
∂

∂x
+ (ey

∂

∂y
+ (ez

∂

∂z
=

(
(∇r

) ∂
∂r
+

(
(∇θ

) ∂
∂θ
+

(
(∇φ

) ∂

∂φ
, �����

䩭ڍԮҽϡцڍࡣܩܧԁڍࡣܩࡠׯ۱ѓߒބ

(er = sin θ cos φ(ex + sin θ sin φ(ey + cos θ(ez, (ex = cos φ(sin θ(er + cos θ(eθ) − sin φ(eφ, �����

(eθ = cos θ cos φ(ex + cos θ sin φ(ey − sin θ(ez, (ey = sin φ(sin θ(er + cos θ(eθ) + cos φ(eφ, �����

(eφ = − sin φ(ex + cos φ(ey, (ez = cos θ(er − sin θ(eθ. �����

ґॸ (x, y, z)ࡣܩԁ (r, θ, φ)ҽϡцԮڍЋ䩭

x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ, �����

r =
√

x2 + y2 + z2, θ = arccos
z

√
x2 + y2 + z2

, φ = arctan
y
x
. �����

��
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ϢЙЏϺ䩭

(∇r = (er, (∇θ = 1
r
(eθ, (∇φ = 1

r sin θ
(eφ. �����

ӹױ䩟QDEODڲжϨڍࡣܩܧЎԣܾЋ䩭

(∇ = (er
∂

∂r
+
(eθ
r
∂

∂θ
+

(eφ
r sin θ

∂

∂φ
. �����

ϨڍࡣܩܧЎ䩟QDEODڲжזњӑѓЗ䩟ϴۘЩК䩭

∂(er

∂r
= 0,

∂(er

∂θ
= (eθ,

∂(er

∂φ
= sin θ(eφ, ������

∂(eθ
∂r
= 0,

∂(eθ
∂θ
= −(er,

∂(eθ
∂φ
= cos θ(eφ, ������

∂(eφ
∂r
= 0,

∂(eφ
∂θ
= 0

∂(eφ
∂φ
= −(sin θ(er + cos θ(eθ). ������

ӹױ䩟цӊḇ֝ (A = Ar(er + Aθ(eθ + Aφ(eφ䩟

(∇ · (A = 1
r2

∂

∂r
(r2Ar) +

1
r sin θ

∂

∂θ
(sin θAθ) +

1
r sin θ

∂

∂φ
Aφ. ������

ӎ҈ϡ䩟цӊ֝ࡣ៲ّ f

∇2 f =
1
r
∂2

∂r2 [r f ] +
1

r2 sin θ
∂

∂θ
(sin θ

∂ f
∂θ

) +
1

r2 sin2 θ

∂2 f
∂φ2 ������

=
1
r2

∂

∂r
[r2 ∂ f

∂r
] +

1
r2 sin θ

∂

∂θ
(sin θ

∂ f
∂θ

) +
1

r2 sin2 θ

∂2 f
∂φ2 . ������

☾✠Ⱞ 㫒⛊䆦➝⒴㺲☨Ⱋ⛑⼋

Ϩ֝жҨѺѦӌ䩟ࡆҨѺ֝ௗၼҺڏа؎ҨѺ֝ڲላԁՀ઼ஂ֝ڲላцډ䦚ЎӌϢЙдԆ

ൌߎ 6FKU¶GLQJHUҤࡄф 'LUDFҤࡄЅڲ֝҃ࡠላϡԛڱ䦚

ϨҮਹԑЅ䩟֝҃ࡠϲϥፊѬ֝҃ࡠ䩟(L = (r × (p䦚ӹױ䩟Ϩ֝жҨѺЅϢЙϡڲ֝҃ࡠላ
ІѼЇϥцϡ䩭

(̂L = (r × (̂p = −i!(r × (∇ = −i!(r ×
(
(er
∂

∂r
+
(eθ
r
∂

∂θ
+

(eφ
r sin θ

∂

∂φ

)
= −i!

(
(eφ

∂

∂θ
− (eθ

1
sin θ

∂

∂φ

)
, ������

(̂L2 = −!2
(
∂2

∂θ2 + cos θ
∂

∂θ
+

1
sin2 θ

∂2

∂φ2

)
= −!2

(
1

sin θ
∂

∂θ
(sin θ

∂

∂θ
) +

1
sin2 θ

∂2

∂φ2

)
. ������
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Ўӌ䩟ϢЙй zҤזЋຎ࢙Ҵ [Ĥ, (̂L] = 0䩭

[Ĥ, L̂z] =
1

2m
[ p̂2, xp̂y − yp̂x] + [V(r), xp̂y − yp̂x]. ������

䩟ϢЙЃҷϣ࣮䩭۰

[ p̂2, xp̂y − yp̂x] = [ p̂2
x, x] p̂y − [ p̂2

y , y] p̂x = ( p̂2
xx − p̂xxp̂x + p̂xxp̂x − xp̂2

x) p̂y − [ p̂2
y , y] p̂x ������

= p̂x[ p̂x, x] p̂y + [ p̂x, x] p̂x p̂y − p̂y[ p̂y, y] p̂x − [ p̂y, y] p̂y p̂x = 0. ������

ѴϨ䩟ϢЙڲڋҷԏ࣮䩭

1
−i!

[V(r), xp̂y − yp̂x] = V(r)x∇y − V(r)y∇x − x∇yV(r) + y∇xV(r) ������

= V(r)x∇y − V(r)y∇x − x[∇yV(r)] − xV(r)∇y + y[∇xV(r)] + +yV(r)∇x ������

= −x[∇yV(r)] + y[∇xV(r)] = −x
∂r
∂y
∂V(r)
∂r
+ y

∂r
∂x
∂V(r)
∂r
= 0. ������

ц x䩟yҤڲ֝҃ࡠזላϡ࢙Ҵϥणঐϡ䦚ӹױ䩟ϢЙЏϺϦ

[Ĥ, (̂L] = 0, [Ĥ, L̂2] = 0. ������

ЇϲϥЛ䩟ϢЙНйװϺЌ֝ԁւڲ֝҃ࡠላϡӎӆݮϱࣁэϣડث䦚ϸЇϥϢЙЌؽޢ

ѓдڒԸ֚֝ө rԁ θ䩟φдэϡԑࣝ࣊ڹҏϣ䦚֔ࡔ䩟ۥӊ [L̂2, (̂L] = 0䩟[L̂i, L̂ j] ! 0 IRU i ! j䦚ӹ

Լש䩟ϢЙ֡ױ Ĥ䩟L̂2 йߵ L̂z ϡӎӆݮϱؒثṟӡ⡊Ҥࡄ䦚

L̂z = (ez · (̂L = −i!
∂

∂φ
������

ѴϨ䩟ϢЙߎഒፊѬڲ֝҃ࡠላ L̂2ԁ L̂zϡӆث䦚䩛ؚϥӑѓϨ θԁ φϼϡڲላ䦚䩜ϢЙϩ

ӆҤࡄ䩭

1
sin θ

∂

∂θ

(
sin θ

∂

∂θ
Y(θ, φ)

)
+

1
sin2 θ

∂2

∂φ2 Y(θ, φ) =
A
−!2 Y(θ, φ), ������

∂

∂φ
Y(θ, φ) =

B
−i!

Y(θ, φ). ������

ц φࡠϡ࣊༌Ѹثؒډب䩟ϢЙЏϺ䩭

Y(θ, φ) = Θ(θ) exp
[
i
B
!
φ
]
. ������

ӹЋ φϥҤ֧ࡠ䩟ԑϼ܇ φԁ φ + 2πϥӎ҈ϡѨє䦚ӹױϢЙϴؒ B = m!䩟ԷЅ䩟mϥّݱ䦚

��
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ϸ҈䩟ԗϸϬثհՊҷϣϬҤࡄϢЙЏϺ䩭

1
sin θ

∂

∂θ

(
sin θ

∂

∂θ
Θ(θ)

)
− m2

sin2 θ
=
−A
!2 Θ(θ). ������

ЋϦثϸϬҤࡄ䩟ϢЙ҂ҒЎ༗䩭x = cos θ䩟 d
dθ = sin θ d

dx䦚ӹױ䩟ϢЙϩ

∂

∂x

(
sin2 θ

∂

∂x
Θ(x)

)
=

∂

∂x

(
(1 − x2)

∂

∂x
Θ(x)

)
= (1 − x2)Θ′′(x) − 2xΘ′(x). ������

ӊϥ䩟ϢЙϲϩϦϸ҈ϣϬідҤࡄ

(1 − x2)Θ′′(x) − 2xΘ′(x) + (λ − m2

1 − x2 )Θ(x) = 0, λ =
A
!2 . ������

ϸϬҤچࡄ҂ $VVRFLDWH /HJHQGUH (TXDWLRQ�

☾㑻Ⱞ /HJHQGUH (TXDWLRQ

䩟xࡄൌҒЎідҤߎ䩟ϢЙ۰ = cos θ٧ӊ [−1, 1]䩭

(1 − x2)Θ′′(x) − 2xΘ′(x) + λΘ(x) = 0, Θ′′(x) − 2x
1 − x2Θ

′(x) +
λ

1 − x2Θ(x) = 0. ������

Ϩࡄ䩟НйЃоϸϬҤ۰ x = 䩟ϢЙНйٍѓױѢ䩟ӹ࡞Ьϩ؝0 SRZHU H[SDQVLRQϱؚؒث䦚

ޕ

Θ(x) =
∞∑

n=0

anxn, ������

Θ′(x) =
∞∑

m=1

mamxm−1 =

∞∑

n=0

(n + 1)an+1xn, ������

Θ′′(x) =
∞∑

m=2

m(m − 1)amxm−2 =

∞∑

n=0

(n + 2)(n + 1)an+2xn. ������

հՊϺідҤࡄ䩟ϢЙЏϺ䩭

∞∑

n=0

(n + 2)(n + 1)an+2xn −
∞∑

n=2

n(n − 1)anxn − 2
∞∑

n=1

nanxn + λ
∞∑

n=0

anxn = 0. ������

ϼܴЅ䩟ॎѼϩחд nϥԪ ٷڈ� �эؒ״фϡ䩟ԔϢЙകѼНйԗؚЙכᑳϡԐܲϺԪ �э

ф䦚ϸϥӹЋӓӌϩؒ״ nߵ n − 䦚ӊϥ䩟ϢЙϲЏϺّڍ1 an+2 ԁ anҏҽϡခԐԮڍ䩟

an+2 =
n(n − 1) + 2n − λ

(n + 1)(n + 2)
an = −

λ − n(n + 1)
(n + 1)(n + 2)

an. ������
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ђϴѯӡ a0 ф a1ϡߚ䩟њ۟ӛϩϡ anЁНйѯоϱ䦚

ҒҝЬϩ္आϡҦ䩟Ӿ n → ∞З䩟an+2 ∼ an䦚ϣડєୂЎӾ |x| < 1ЗЇЬϩ՜֣䩟ӹЋ

xn → 0䦚ԔӾ |x| = 1ЗϲϿоѴ࡞Ѣ䦚ӹױԑϼ䩟ϩҺॶϡثϣӡϿтТ္आ䩟ЇϲϥЛ

λ = l(l + 1)ٍЏϡ al+2 = 0䦚֔ࡔ䩟Ӿ lϥّ࡞З䩟ϢЙۓછޕঞ a0 = 0䩟ਦजϡҦઢّ࠶Ѫ္֚

आ䦚ӎ҈ϡҦ䩟Ғҝ lϥઢّЗ䩟ϢЙۓછޕঞ a1 = 0䩟ਦजϡҦ࠶ّ࡞Ѫ္֚आ䦚

☾㙼Ⱞ $VVRFLDWH /HJHQGUH (TXDWLRQ

ѴϨϢЙц /HJHQGUH (TXDWLRQؒ m႒ّࣔ䩟ъАϢЙЏϺ䩭

dm

dxm

(
(1 − x2)Θ′′(x)

)
− 2

dm

dxm
(
xΘ′(x)

)
+ λ

dm

dxmΘ(x) = 0. ������

ԷЅϸϬҤࡄϡثХϥ Θ(x) = Pλ=l(l+1)(x)䦚ϼӌϸϬҤࡄԸЋ䩭

(1 − x2)
dm+2

dxm+2Θ + m(−2x)
dm+1

dxm+1Θ +
m(m − 1)

2
(−2)

dm

dxmΘ − 2x
dm+1

dxm+1Θ − 2m
dm

dxmΘ + λ
dm

dxmΘ = 0.

������

ӎण࣮Џ䩭ׁ

(1 − x2)
dm+2

dxm+2Θ − 2(m + 1)x
dm+1

dxm+1Θ + [λ − m(m + 1)]
dm

dxmΘ = 0 ������

ਘ Y = dm

dxmΘ䩟ϢЙЏϺ

(1 − x2)Y ′′ − 2(m + 1)xY ′ + [λ − m(m + 1)]Y = 0. ������

Ӑਘ Z = (1 − x2)m/2Y䩟ϢЙЏϺ䩭

(1 − x2)
d2

dx2 [(1 − x2)−m/2Z] − 2(m + 1)x
d
dx

[(1 − x2)−m/2Z] + [λ − m(m + 1)][(1 − x2)−m/2Z] = 0.

������

дۯ܌д䩭

Y = (1 − x2)−m/2Z, ������

Y ′ = (1 − x2)−m/2Z′ + mx(1 − x2)−m/2−1Z, ������

Y ′′ = (1 − x2)−m/2Z′′ + 2mx(1 − x2)−m/2−1Z′ + m(1 − x2)−m/2−1Z + 2mx2(
m
2
+ 1)(1 − x2)−m/2−2Z

������

��
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ϼܴІ҃ԸЋ䩭

(1 − x2)
(
Z′′ +

2mx
1 − x2 Z′ +

m
1 − x2 Z +

m(m + 2)x2

(1 − x2)2 Z
)

������

− 2(m + 1)x
(
Z′ +

mx
1 − x2 Z

)
+ [λ − m(m + 1)]Z = 0. ������

䩭࣏Ը۟ߓ

(1 − x2)Z′′ − 2xZ′ + (λ − m2

1 − x2 )Z = 0. ������

ϸϬҤࡄϲϥϢЙϴؒثϡ DVVRFLDWH /HJHQGUH (TXDWLRQ䦚ؚϡثϥ䩭

Z = (1 − x2)m/2 dm

dxm Pl(x) ≡ Pm
l (x), ������

ԷЅ䩟Pl(x)ϥ /HJHQGUH (TXDWLRQϡث䦚ϢЙЏϺԑثϡֺխϥ lЋّݱ䩟ґॸّٛзҙЋ xl䦚

DVVRFLDWH /HJHQGUH HTXDWLRQϩۘജثϡֺխϥ䩭m ≤ l䦚

☾㣗Ⱞ ⪰☡㫒⛊䆦➝⒴ᱨⶲ㗀

ϸ҈䩟ϢЙϲثоϦ L̂2 ԁ L̂z ϡׁ࠾ӆݮ䩭

Ym
l (θ, φ) = Pm

l (cos θ) exp(imφ), ������

ӆߚЋ䩭

L̂2Ym
l (θ, φ) = l(l + 1)!2Ym

l (θ, φ), L̂zYm
l (θ, φ) = m!Ym

l (θ, φ). ������

ϩϦϸϬԮܴڍ䩟ϢЙϲЏϺϦዓזҤࡄ䩭

− !
2

2m0

[
1
r2

∂

∂r
[r2 ∂ψ

∂r
]
]
+

1
r2

L̂2

2m0
ψ + V(r)ψ = − !

2

2m0

[
1
r
∂2

∂r2 [rψ]
]
+

1
r2

L̂2

2m0
ψ + V(r)ψ = Eψ ������

֡РдڒԸ֚֝䩭ψ(r, θ, φ) = φ(r)Ym
l (θ, φ)䩟Џ䩭

− !
2

2m0

[
1
r
∂2

∂r2 [rφ(r)]
]
+

1
r2

l(l + 1)!2

2m0
φ(r) + V(r)φ(r) = Eφ(r). ������

ԷЅ䩟φ(r)ђدଭዓחזд䩟E = T + V < 0ϥଚ᠂ݮЌ֝䦚֡Рӡॶ φ(r) = R(r)/r䩟ϢЙϲЏϺ

ϸ҈ϣϬҤࡄ

∂2

∂r2 R(r) +
2m0

!2 [E − V(r)]R(r) − l(l + 1)
r2 R(r) = 0. ������
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ѴϨ䩟ϢЙђߎഒݔӈҨ䦚ࡢՄؒثℶ֍жЌٛ䦚ϨݔӈԿЅᆟ᪂ۤНйܐЋ䩭

V(r) = − 1
4πε0

e2

r
= −K

r
. ������

ϸѦϢЙٍѓϦмকء֧䩟ϨԷјء֧Ѕ䩟НЌЬϩ 1/ε0ҳ䦚ϸ҈䩟ϢЙϲϴثҒЎҤࡄ䩭

∂2

∂r2 R(r) +
[
2m0

!2 (E +
K
r

) − l(l + 1)
r2

]
R(r) = 0. ������

ϢЙ۰ߎൌம៲ّϨҖ࡙҇ࡳєୂЎϡҲЋ䩭䩛�䩜r → ∞䩮䩛�䩜r → 0䦚

r → ∞⭁㦎㥲ᱶ

ҤࡄНйײঐЋ䩭

∂2

∂r2 R(r) +
2m0E
!2 R(r) = 0. ������

Ќ֝ݮ᠂ӊଚۥ E < 0䩟ϢЙЪثډبо䩭

R(r)r→∞ = exp[±ar], a =
√
−2m0E/!. ������

ࣸѼ䩟ҒҝԼ +aثЗ䩟ம៲ّϨѪඬ؝т્䩟Ѫ֚ஓϣ٩䦚ӹױԑϡۓثછϥ䩭R(r) = e−ar䦚

r → 0⭁㦎㥲ᱶ

ҤࡄНйײঐЋ䩭

∂2

∂r2 R(r) − l(l + 1)
r2 R(r) = 0. ������

ӊۥ r ∼ 0䩟ϸϬثϢЙНйѓّٛࣁэ䦚ЋϦЏϺּث䩟R(r)؎ϩϬзЩϡᠢҋ䩟س䩭

R(r)r→0 = rα(a0 + a1r + a2r2 + · · · ) ������

ԗ؎ثհՊϢЙϡідҤࡄ䩟Լзࠍ႒ײঐ䩟س rα−2䩟

α(α − 1)rα−2 − l(l + 1)rα−2 + · · · = 0. ������

ӹױ䩟ۘכᑳثЋ䩭α = l + 1ф α = −l䦚ۥӊ l > 0䩟ࣸѼ䩟ϢЙ؎ԼϡּثЋ

R(r)r→0 = rl+1. ������

㮥⊑㎩ⷆ㥲ᱶ
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ІѼϡ䩟ϢЙ୨Ђ䩟ϨϣડєୂЎ䩟Ҥࡄϡث؎ಈԼϣЎܴ࣏䩭

R(r) = rl+1e−arF(r). ������

Ϩ r → 0З䩟SRZHU࣮ԝࢹԳϴ䩟r → ∞З䩟ّ࣮܋Ұࣔ䦚ԗϢЙ୨оϡϸϬثϡܴ࣏հՊϺ
ідҤࡄЅ䩟ϢЙϲװϺϦ F(r)ӛ߿ٶϡҤࡄ䦚۱ѓ

R′(r) = (l + 1)rle−arF(r) − arl+1e−arF(r) + rl+1e−arF′(r), ������

R′′(r) = l(l + 1)rl−1e−arF(r) − 2a(l + 1)rle−arF(r) + a2rl+1e−arF(r) ������

+ 2(l + 1)rle−arF′(r) − 2arl+1e−arF′(r) + rl+1e−arF′′(r), ������

ϢЙЏϺ䩭

rF′′(r) + (2l + 2 − 2ar)F′(r) − 2a(l + 1)F(r) +
2m0K
!2 F(r) = 0. ������

ϢЙӐ҂ϣҋԸ֝༗䩟z = 2ar䩟λ = 2m0K/2a!2䩟ϸ҈ϢЙϲЏϺҒЎ .XPPHUҤࡄ䩭

z
d2

dz2 F(z) + (2l + 2 − z)
d
dz

F(z) − (l + 1 − λ)F(z) = 0. ������

☾⽅Ⱞ .XPPHU➝⒴ᱨ⧩⽃⒔⭎⧨⧉㗷

.XPPHU (TXDWLRQϡثҩीЋׁԵսӪح៲ّ䩛FRQàXHQW K\SHUJHRPHWULF IXQFWLRQ䩜䦚

x
d2Φ

dx2 + (A − x)
dΦ
dx
− BΦ = 0. ������

ϢЙӎ҈ѓّٛࣁэЧؒث

Φ = xk
∞∑

i=0

cixi =

∞∑

i=0

cixk+i. ������

ԗ؎ّٛثհՊ .XPPHUҤࡄ䩟ϢЙ۰ڲڋ kϡНЌԼߚ䦚ϸϬНйۥ xϡзࠍ႒ᠢҋ࣮ڍ

ّЏϺ䩭

a0k(k − 1)xk−1 + Aa0kxk−1 = 0. ������

ϢЙтѴ kϩҖϬНЌث䩭k = 0ф k = 1 − A䦚
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ϢЙдԆ୳ૢϸҖ҇НЌ䦚цӊ k = 0䩟ϢЙНйҒЎڲڋ ciϡߚ䩟

∞∑

i=2

i(i − 1)cixi−1 + A
∞∑

j=1

jc jx j−1 −
∞∑

k=1

kckxk − B
∞∑

n=0

cnxn = 0 ������

ᆄі҂ԈၼҳԸϢЙЏϺ䩭

∞∑

n=1

n(n + 1)cn+1xn + A
∞∑

n=0

(n + 1)cn+1xn −
∞∑

n=1

ncnxn − B
∞∑

n=0

cnxn ������

=

∞∑

n=0

[n(n + 1)cn+1 + A(n + 1)cn+1 − ncn − Bcn] xn = 0. ������

ӹױ䩟ϢЙЏϺϦ cn+1ԁ cn ҽϡԮڍ䦚

cn+1 =
n + B

(n + 1)(n + A)
cn ������

ҒҝϢЙऎӡ c0 = 1䩟ІѼϡϢЙЏϺ

cn =
B(B + 1) · · · (B + n − 1)

A(A + 1) · · · (A + n − 1)n!
c0 ≡

(B)n

(A)nn!
c0. ������

ϸ҈ϢЙϲװϺϦ .XPPHU៲ّϡϣϬث䩭

Φ(x) =
∞∑

n=0

(B)n

(A)nn!
xn ≡ 1F1(B; A; x). ������

цӊ k = 1 − Aϡєୂ䩟ϢЙЇНйणঐϡЏϺϣϬّٛث䦚ԔϸϬّٛثϨϢЙ୳ૢϡ՜

֣ЅϤּ䩟ӹױϨױϤӐڲڋ࢛䦚ϢЙђ߈خҷϣϬّٛث䦚

Ҥ֚䩭Ϩثϣ҇ԑ֔ࡔ r → 0З䩟Ҥࡄϡ౿Ֆث؎ϥ rl+1䦚؎࣮ӔҮҩԪ F(r)Ѕ䩟ᔧڒо

ϱ䩟ൊЎחдϡّٛ؎ϲϥԪ r0 э״ϡ䩟ਦजϿवԷّٛࣁэ䦚

☾㋡Ⱞ 㴿╴⪰☡㫒⛊䆦➝⒴ᱨ㎢㴓㽳ㅢ⭌

ࣸѼ䩟۱ѓ .XPPHUҤࡄϡث䩟ϢЙЪډبԗℶ֍жϡዓזம៲ّثЇܐоϱ䩭

R(r) = Nrl+1 exp [−ar] 1F1(l + 1 − m0K
a!2 ; 2l + 2; 2ar), a =

√−2m0E
!

. ������
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ׁ࣠ࣝԵսӪح៲ّϡӡॶ䩭

1F1(B; A; x) ≡
∞∑

n=0

(B)n

(A)nn!
xn ������

Ғҝ BϤϥЩӊҳӊ �ϡّݱϡҦ䩟ϨϽ N ႒䩟ϸϬّٛӓϡّڍ

aN =
(B + N − 1)(B + N − 2) · · · B
(A + N − 1)(A + N − 2) · · · A

xN

N!
∼ xN

N!
. ������

ϸ҈ϣϬّٛؒфԗцࣔঊ ex䦚ӹױம៲ّҪҽۯдϥт્ϡ䩟Ѫ֚ஓϣ٩䦚ϴЂ೬ݪϸ҇

єୂ䩟ЏϺԑϡث䩟ϢЙϲؑϴϴؒϸϬّٛؒфۓછϨࡆϣ႒္आ䦚ϸ္҇आϲϴؒ Bϥ

ϣϬЩӊҳӊ �ϡّݱ䦚ЇϲϥЛ䩭

l + 1 − m0K
a!2 = −nr, nr ≥ 0 ������

ϸ҈䩟

a =
√−2m0E
!

=
1

nr + l + 1
m0K
!2 , ������

E = −m0K2

2n2!2 = −
e4

(4πε0)2
m0

2n2!2 , ������

ԷЅ䩟n = nr + l + 1 ≥ 1䦚ϸ҈ϢЙϲЏϺℶ֍жऴݮЌٛ䩭

En=1 = −2.18 × 10−18J = −13.6eV, 1J = 6.24 × 1018eV. ������

☾≹Ⱞ 㙴⿁㽼ⰵ

ϢЙԗѓؒثℶ֍жம៲ّ䦙ЌٛϡڽڲڋբւֲҒЎ䩭

䩛�䩜ܐоڍࡣܩܧЎϡӈж߿ٶϡṟӡ⡊Ҥࡄ䦚䩛ЅКۤԿ䩜ЅКۤԿՀ઼ஂ֝ԁፊѬ҃ࡠ

ላڲ֝ L̂2йڗߵҺҤ֝҃ࡠזд֝ L̂zцډ䦚ӹױ䩟ϢЙНйװϺ Ĥ䩟L̂2йߵ L̂zϡӎӆݮ

Ԫґؒثṟӡ⡊Ҥࡄ䦚ϸϣѢЇϲϥϢЙНйѓдڒԸ֚֝ϡ֍ӹ䦚

䩛�䩜L̂zϡӆݮЪډبЏϺ䦚ۥӊԑϼѪ֚߇д φф φ+ 2πҖ҇ݮ䩟ӆۓߚછЋ m䩟Է

Ѕ mЋّݱ䦚

䩛�䩜ԗϼӌ L̂zϡӆݮհՊϺ L̂2ϡӆҤࡄ䦚ҮРڲڋߣНЏ䩛Ը࣏䩜ᆗўख़Ҥࡄ䦚Ϣ

Й֡Рّٛࣁэϱؒث؎ідҤࡄ䦚ЋϦٍЏϨ cos θ = ߚம៲ּّ䩟ϢЙϴؒԷӆ؝±1

છЋۓ l(l + 1)䩟ԷЅ䩟lЋϽӊҳӊ �ϡԜّݱ䦚ґॸۘכᑳثϡϴؒϥ |m| ≤ l䦚

䩛�䩜ԗϼֲҝհҘϺዓזҤࡄ䦚ϸϬҤࡄϨ r → 0ф r → ∞ЁԝࢹϮث䦚
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䩛�䩜ޕϣડثЋ R(r) = R(r)r→0R(r)r→∞F(r)䩟ϢЙϲЌЏϺ F(r)ӛ߿ٶϡҤࡄ䩛.XPPHU

Ҥࡄ䦙ׁԵսӪحҤࡄ䩜䦚ϢЙӎ҈Нй۱ѓّٛؒث֚ؒث؎ідҤࡄ䩟зټ䩟ϢЙЏϺׁԵ

սӪح៲ّ䦚ϴЂ؎ׁԵսӪح៲ּّ䩟ϢЙϴׁؒԵսӪۓّ៲حછϨࡆ႒္आ䦚ϸ҈Ϣ

ЙϲЏϺЌ֝ӆۓߚછϥдڒϡ䩟ЇϲثоϦЌٛ䦙ம៲ّҳ䦚

��
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