K5 BATARAS: 10422
. £ F

) o f %

SHANDONG UNIVERSITY

ﬁi'ﬁ%i

Dissertation for Doctoral Degree

WICEH -
B & M A
% ok B I
T W & WK
B R MW
& % 7 W

5
0
M






Al = B
ANBEEY]: r2AZAARI, BRANESIMES T, Mot
TS R . BRSCh E2E I RN A SN, RS
HAl A NBEEAR Q22 R o S W R SCR o X A SCROBIE FE A Hh B 2 ot
RSN ANFIERAR, 3 AP BLBIRA T bR B . AR B AR SR A N
ZER

WXARE A H 3.

KT AL SO A =
AN TR AR O B ) [ 50 DR 0 1 ML A 36 58 1 S B AR 1 R
RS TRV SCHCA T A ] s A NI 1l 23 K5 AT ARG A S 67 1 ST 4 6
BB A NS B FEEAT IR, FTLICRAIREED . 4 BN A R A
BARAF R SO G A 22 18 5

(REER SCAE MR 7 NI Y A RE )

WIlEHEYG: S4B W






EE (FIID) e I
FATE (BEIL) oottt 111
BE B BIE oo 1

L L T e 1
B R 3

A T SFERIIL o veeeeee ettt ettt ettt ettt b et b et bt et b ettt ss s s s e 5
BEZE TR oo evveoe et 7
B Bttt 9
SEEE E TR 11






Abstract (Chinese)

Abstract (English)

Contents

Chapter 1 INtroduction..............c.cooiiiiiiiiiiiiiie ettt ettt e s bbbt e st e e beesabeesaeeens

1.1 SectionI..

Acknowledgement

LASt OFf PUDBIICALIONS .. ...ttt ettt e e e e e e e e e e e e s et et et e eeeeeeseesessssnannnanes

iii






T E R PO 2

KU X B R

i



II



ABSTRACT

This is the abstract.

Keywords: Type your keywords here.

I



v



M- A

XA



¥F—~F 5FIFE

MBI R, A TUE L









Hrx A
M SR AT AL






27 X B






FETX BT B VR FO AR 2 O AN F 7 Rl o
PS., AR SCHY S VEEET T ITEX HERRGRZE, SR o7 5 i1 ctexbook $24H

W



10



Papers

1. Title

Author(s), Journal.

Selected Talks

1. Title (Language)

Plenary/Parallel talk in Conference, date, Location.

11

List of Publications






PHYSICAL REVIEW D 89, 014024 (2014)

Higher-twist contribution to fragmentation function in inclusive hadron
production in e*e” annihilation
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2Interdisciplinary Center for Theoretical Study and Department of Modern Physics,
University of Science and Technology of China, Anhui 230026, China

3Key Laboratory of Quark and Lepton Physics (CCNU), Ministry of Education, China
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We apply collinear expansion to inclusive hadron production in e®e~ annihilation and derive a
formalism suitable for systematic study of leading as well as higher-twist contributions to fragmentation
functions at the tree level. We make the calculations for hadrons with spin-0, spin-1/2 as well as spin-1 and
obtain the results in terms of different components of fragmentation functions for the hadronic tensors, the
differential cross section as well as hadron polarizations in different cases. The results show a number of
interesting features such as the existence of transverse polarization for spin-1/2 hadrons at the twist-3 level,
the quark polarization independence of the spin alignment of vector mesons.

DOI: 10.1103/PhysRevD.89.014024

I. INTRODUCTION

Fragmentation function is one of the most important
physical quantities in describing the hadron production
in high energy reactions. It quantifies the hadronization of
quarks and/or gluons that occur in every high energy
reaction process where hadron is produced and is therefore
a necessary ingredient in any complete description of
processes involving hadron production. The study of the
fragmentation function provides not only such an important
ingredient in describing high energy reactions but also
important information on the properties of quantum
chromodynamics (QCD) and is therefore a standing topic
in the field of high energy physics. Much progress has been
made and summarized in a number of recent reviews [1].
Much attention has been attracted recently, in particular in
the spin dependence [2-20]. This provides a new window
to study fragmentation functions, to test hadronization
models, and to learn the properties of QCD.

Like parton distribution functions, parton fragmentation
functions can be defined in terms of the quark and gluon
field operators in a gauge invariant form. The relationship
between such gauge invariant fragmentation functions and
the differential cross section is essential to the study of such
fragmentation functions and to the description of high
energy reactions. Such a relationship can be established
using the collinear expansion technique applied to the
corresponding reaction. To study the unpolarized reactions,
collinear approximation is often valid to high accuracy and
the leading twist contributions are usually enough for the
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description of hadron production without polarizations.
This is in fact also the case in most of the current studies
where only leading twist contributions are considered.
However, it is unclear whether higher twist effects are
also negligible in the polarized cases. In particular, in the
cases where transverse momentum is considered and the
azimuthal asymmetry is studied, such higher twist effects
can be very important. It is therefore necessary and
important to make a study including the leading and
higher-twist contributions in a systematic way.

Our plan is to make such a systematic study of higher
twist effects in quark fragmentation processes. In this
paper, we start with inclusive hadron production in e*e™
annihilation at high energies. We apply the collinear
expansion technique to this process and present the
formalism for calculating leading and higher-twist contri-
butions in a consistent and systematic way. We carry out the
calculations up to twist-3 for spin-1/2 as well as spin-1
hadrons using this formalism. We present the results
obtained for the hadronic tensors, the differential cross
sections, and the polarizations of hadrons in different
cases. We also show how to proceed the calculations for
contributions at twist-4 level and present the results for
spin-1/2 particle production as an example.

The rest of this paper is organized as follows. In Sec. II,
we present the formalism for calculating leading and higher-
twist contributions using the collinear expansion technique.
In Sec. III, we carry out the calculations for the hadronic
tensors for spin-0, spin-1/2, and spin-1 hadrons and present
the corresponding results up to twist-3. In Sec. IV, we
present the results for the differential cross sections and the
polarizations of the hadrons. In Sec. V, we discuss the twist-
4 contributions and present the results for spin-1/2 hadrons.
We make a summary and give an outlook in Sec. VI.

© 2014 American Physical Society
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h equivalently ¢y =1 and ¢4 =0 if it is a photon
v*/Z° 9 (electromagnetic interaction). Correspondingly, the propa-
-===" X gator is D;t’;t = (g//ﬂ - qM/q”/M%)/[(QZ _M%) + iFZMZ}
q and D,, = g,/ Q?, respectively. The weak coupling
gz = g/ cos Oy = e/ sin Oy, cos Oy, where e is the elec-
tron charge and 6y is the Weinberg angle. We note that, due
FIG. 1. Illustrating diagram for inclusive hadron production in (O current conservation ¢*L,,, = 0, the second part of the
e'e™ annihilation. Z" propagator does not contribute in this case. The leptonic
tensor for Z° exchange is given by
II. THE FORMALISM

We consider the inclusive hadron production process, Lyl ) = eillyeby + hoby = (- b)gw]
ete™ — h+ X, as illustrated in Fig. 1. We use /; and [, to + ic5e,y 011, 3)
denote the 4-momenta of the incoming electron and
positron, and ¢ =1, + 1, to denote the 4-momentum where ¢f = (cf)” + (c})* and ¢§ = 2ccf.

of the intermediate gauge boson. The momentum of the The hadronic tensor W** is defined as

quark is denoted by k and that of the produced hadron is |

denoted by p. W (g, p.S) == _(2x)*6*(g— p—Px)(017*(0)| p,S: X)
To be explicit, we consider e'e™ annihilation into 2n 45

hadrons either via electromagnetic interaction with the x (. $:X|J*(0)[0). 4)

exchange of a virtual photon or via weak interaction with
the exchange of a Z° boson. We do not consider the
interference term and the results apply to reactions near the
70 pole where only the weak interaction term is considered
or the energy is much lower than Z° mass where only 0) Ak ~(0) .0
electromagnetic interaction is needed. In this case, we get W' (q.p.S) = / W Tr[H,w (k, ‘I)H( )(k, p.S). (5
the differential cross section as given by

To the leading order, the hadronic tensor is shown in
Fig. 2(a) and is given by

It is given by a trace of the calculable hard part,

4 3
9z W Vvt d p
do==*L,,(l,.,)D D W.(q.p.S)—5-—- N
1
0 and the matrix element defined by
Here L¥¥ (I, 1,) is the leptonic tensor and for reactions 1
with unpolarized leptons, 11k, p.S) :72/d4§€7"k5<0|l//(0)|hX>(hX|‘l_’(f)\0>~
b2
1 X
Lﬂ/b/(ll s 12) = ZTT[F;,ll rs,lz], (2) (7)

where we use I', instead of yd/ since the intermediate ~ Here, as well as in the rest of this paper, unless explicitly
boson can be a photon or a Z” boson. In the case that  stated, a summation over the quark flavor and color is
the intermediate boson is a Z° boson (weak interaction), implicit and the flavor index is omitted. In fact, the hard
we have F;, =7yu(cy — c4y’) while F;, =y, or  partas thatgivenin Eq. (6) is independent of quark color so

=

[
1
1%

k

1
(c2)

i)

FIG. 2. The first few Feynman diagrams as examples of the diagram series with exchange of j gluon(s). In (a), (b), and (c), we see the
case for j =0, 1, and 2, respectively. The gluon momentum in (b) is k; — k,, while in (c), they are k — k| and k, — k, respectively.

014024-2
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that the summation over color leads simply to a color factor
N. = 3. This should be included in the final result of the
cross section. Also, we use quark as an explicit example.
All the expressions can be extended to include antiquark
contributions. We use the same forms for the expressions so
that we can simply include the antiquark contributions by
extending the sum over flavors to antiquarks as well. There
is no essential difference between the calculations for
quarks and those for antiquarks. The results are similar
and we will specify if there is any difference in the
corresponding places in the rest of this paper.

It is well known that, because the two quark fields in the
matrix element 1) do not share the same space-time
coordinate, 1) is not local (color) gauge invariant. To get
the gauge invariant form, we need to consider the final-state
interaction in QCD, and apply the collinear expansion
technique [21,22]. The collinear expansion was first
applied to deeply inelastic lepton-nucleon scattering
(DIS) and provides a unique way to obtain a consistent
formalism that relates the gauge invariant parton distribu-
tion and/or correlation functions to the measurable quan-
tities such as the differential cross section including leading
as well as higher-twist contributions. It has been recently
extended to semi-inclusive DIS with nucleon and nucleus
targets for jet production [23-27] and corresponding
expressions for the azimuthal asymmetries and nuclear
dependences have been obtained. It is therefore also
necessary to apply collinear expansion to e e~ annihilation

PHYSICAL REVIEW D 89, 014024 (2014)

to obtain the corresponding formalism in order to establish
the relationship between the differential cross section and
the fragmentation functions. We now summarize the main
steps and results in the following.

A. Gauge invariance and collinear expansion

To get the gauge invariant form for the fragmentation
function in eTe~ annihilation, we need to consider the
multiple gluon scattering similar to those considered in
deep inelastic scattering [21]. In this case, we need to
consider the diagrams with exchange of j=1,2,...
gluon(s) between the blob and the lower fermion line in
Fig. 2(a). As examples, we show those with exchange of
one and two gluons in Figs. 2(b) and 2(c).

Taking such multiple gluon scattering into account, the
hadronic tensor is given by

ZWJL)

O LW s wlP 4 @®)

where we use the superscript to denote the contribution
from the Feynman diagram with exchange of j =0, 1,2, ...
gluon(s) and ¢ denotes the position of the cut line which
takes L or R for j=1, c =L, M, or R for j =2 and
corresponds to Figs. 2(bl), 2(b2), 2(cl), 2(c2), and
2(c3), respectively. For the case with one gluon exchange,
we have

d*k, d*k
Wi (q. p.S / L 22 T AW (ky kg, )T (ky Ky, p, S 9
(q P ) (27[)4 (27[)4 I'[ ( 151425 q) ( 1,52, Ds )] ( )
where ¢ = L or R and the hard parts are given by
p ky —
A" (ko q) = THG = T )y ———t— q)f —Ti(2m)5, (g~ k)?). (10)
,—q) —
(1.R) _ ki—4q
Hy™ " (ky ks, q) =T G _qfiie v (4 — k)T (2m)5., (g — ky)?), (11)
and the soft matrices are defined as
1 . .
Dikkop.S)=5-3 / d*ed*ne=hEe k(0] gA, (n)y (0) |1 X) (hX [ (£)[0), (12)
X
1 : .
01 k) = 53 [ e e bebon Oy (0 ) (X1 (€194, (1) ). (13)
X

For j = 2, the corresponding results are shown by Figs. 2(c1), 2(c2), and 2(c3), and are given by

014024-3
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d*k, d*k, d*k
(2n)* (2z)* (2m)*

where ¢ = L, M, or R, and the hard parts are given by

W (g, p.S) = Te[H " (ky, k., @)U (ki ks ko, p, S)), (14)

k—q ., k=4
(k—qp —ie” (ky—q) —ie

(2 LW(kl, k.ky.q) = Z(q —ky)y” F3(2ﬂ)5+((61 - kl)z)s (15)

(2,M)po kl _q (4 o kZ _’q q )2

B (b ko) = Tl = Ry 2 T s (g = ), (16)
6 o .

AR (ky ko kg, q) =T — Ly L= k)riens, (g - kP, (17)

(ky —q)* +ie" (k—q)*+

and the soft matrices are defined as

1 o .
Bk k by, p, S) = — d*edin d e hié emilk—kim g=itk=kin 5 (0|gA  (111) gA, (12 )y (0) | hX) (A X | (€)]0),
2 ’
X

(18)

, 1 L 4 )
0™ (ky k. k. p. S) = ZZ / died*n dtnpehitem hkm ek 5 (0] gA () (0) | X ) (hX i (€) gA , (m1) 0),
X

19)

(k) k. ky p. S) Z/d“fd“md“nze Hhigemilkmkim gitka=kin 5 (Ol (0)[hX) (hX (&) 9A, (m)9A,(12) 0),

(20)

We note that none of such soft matrices is local (color) gauge invariant. To get the gauge invariant form, we need to apply
the collinear expansion as proposed in [21], which is carried out in the following four steps as summarized in [23].
(1) Make a Taylor expansion of all the hard parts around k; = p/z;, e.g.,
OHW Q) | 1 PH ()

() 7(0)
Hv(k7q):Hy(z)+ +=
g ! ok, " 2 0k,0k,

W) kyolky + -, (21

OHW"" (2. 22)
Ok

OHW"" (21.2,)

(1L A~ (1.L
)p(kl, ky, q) = H/(w )p(Zl,Zz) +
Ok,

0Tk + O kyy + -, (22)

where, different from that for deeply inelastic scattering [23], for the fragmentation process, z; is defined as
z; = p*/k;. The momentum of the hadron is taken as p = p™#, i.e., we use the light cone coordinate and take
the direction of motion of the hadron as the z direction. The unit vectors in this coordinate system are denoted by 7, n,
and n,. In e'e™ annihilation, we choose the lepton plane as the xoz plane and the transverse component of

the momentum of the incident electron is taken as the x direction, and that of incident positron is in the minus
x direction. The projection operator @), is defined as ) = ¢, — r‘z,,n/". We also use the short notations such as

70 70 £1(0 70
H,(,y)(z) = H,(,,,)(k, Dli=p/o> 8H,(,,,) (z)/0k, = GH},,,)(k, )/ 0k, |_,,.. and so on.

014024-4
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Here, as usual in the collinear expansion, we neglect
the n component of the hadron momentum. This
component should take the form (M?/2p*)n, where
M is the hadron mass. Compared to the 77 component,
it is suppressed by a factor (M/p*)? and contributes
only at twist-4 level. This was discussed in the past in
e.g., [28,29] and we will also come back to this point
in Sec. V where examples of twist-4 contributions
are given.

(2) Decompose the gluon fields into longitudinal and

transverse components, i.e.,

A, () = AT ()i, + o Ay (). (23)

(3) Apply the Ward identities such as

OH,;)/ (z 2 a
M) __povie- 1. b

aHLLL)p (Zl , ZZ) 7r(2, L)/)a(

21212
ak],o_ 1> <1 2)

— B (2),21,2), (25)

O (21,
M —wa) (z1:22.22),  (26)

ks,
B (21 2) = —#Hﬁ?(zl), 27)
P (21.25) = —ﬁH(O)(Zz) (28)
P,oH(2 Hee “(z21,2,22) = — Z_;Z H/(tlu (21, 22)-

29)

(4) Add all the terms with the same hard part together
and we obtain the hadronic tensor in the gauge
invariant form as given by

-y =

+ Wt WS

(30)

014024-5
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where the tilded W’s are given by

~ (0 dk* £1(0) 1 _\ (0
Wa.p.5) = [ 3= A 2. p.Sin),
(€2))

~ (1L dkt  dks 1L
W0 p.8) = [ s AL . 2)

x Y (21,2, p.8m)], (32)

3 dif dky -
Wi (q.p.s) = / L =2 Te[A" (2. 22)

2xpT 2mpT
< E (21,2, p. Sin)]. (33)

- 1) it dij  di
W S) =
W (q.p.5) /277.’])+ 2zpT 2mp™T

X Tr[H M (20, 2. 20)al) 0

X éﬁﬁ(zl,z’ 2. p,S;n)], (34)

(g poS) / Akt dk dict
o 2apt 2zpT 2npt

xTr[ (ZM)IM(Zl,Z Zz)a)z &1

x :(,’, 21,220, p.Sin)].  (35)

. [ dkb dk dk
Wi (q. p.5) _/271'1)*271:[)*277[?L

x Tr[HZ" (202 2) ) wf
x B0 (2 2z p.Sin)]. (36)

po

Here, the new correlator =/)°s are given by
A d -
0z, p, Sim) = Z/P S ikt

x (01£ (0. oo}y (0) 1X)
x (X[ () L& )[0).  (37)
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-
é},l'L)(ZpZz,P, Sin) = Z/pdgzipdne—ikfﬁ’—i(k;—kl')m
pa
X

< (01L7 (7. 00) D, (117) L7 (0,517 )y (0) | X) (hX [y (£7) L&~ 00)]0). (38)

P -
2(1,R) pd& ptdn —ikE—i(kE—k g~
= .20, P, Syn) = !
5" (21,22, p. Sin) ZX: / S, e ek

% (0].L7 (0, 00 )y (0)|hX) (hX[ipr(£7) L&) Dy (7 ) L (17 0)[0), (39)

+ 5=t dn—nt dn=
S @z p Sin) =Y / PP AP e i it k-5
T
X

x (OIL7 (1, 00) D, (7 ) LT (115,17 ) D (113 ) L7(0, 177 )yr (0) [ X) (hX [ (E7) L&, 00)|0),
(40)

A tdEmptdyrptdnyy e e ik -
25" (21,220, p, Sim) = ;/p &p 2;;171 PANy ik e ikt =k =ik —k* )y

X (0|L7 (17, 00) Dy (11, ) L7(0, 113 )y (0) [ nX) (hX | (&) L(E, 17 ) D, (7 ) L7 5 00)[0),
10

+ A= ot dn—nt dn—
2(2.R) S ) — pd& pTdny p*di, —ik & —i (k= Yy ik —k )iy
Zpo (Zl,Z,Zz,]), ,I’l) zx:/ 0 e ! 170 2

x (0.L7(0. 00)yr (0)|nX) (hX [y (£7)L(E 07 ) D,y ) L0y .13 ) D ()L (15 . 00)[0). (42)
where D, () = —id, + gA,(17) is the covariant derivative, and the gauge link £ is given by the following path integral,
ig [ dy A+ L[ . o m
L& o) = P IA0) g / dA* (1) + (ig)* / dny / Ldn AT)ATOr) e (43)
& & &
which guarantees the correlation matrices gauge invariant.

The hard parts in the WU)s such as those given by Egs. (20)—(25) depend only on the longitudinal momentum fractions
of the quarks and they are given by

A (2) = T4 — p/2)TL2m)8, (g — p/2)?). (44)

Pl —4

fAIL}/'L)p(Zl, ) =Th(4 - p/zl)yﬂmrg(zﬂ)5+((q —p/z1)%), (45)
rr(1L.R)p ] p/zl _q ol _ q _ 2
H/w (Zl, Zz) = FM —7 (q i)/ZZ)FV(Q’ﬂ)(S-F((q p/ZZ) )7 (46)

(p/z1 — q)* + ie

014024-6
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PHYSICAL REVIEW D 89, 014024 (2014)

A " (21, 2,20) = Th(4 = p/21)r? (p/f/_zq_)zq_ e (p/i/izq_)zq_ =10 x (215, (g = p/21)%). 47)
H" (21.2.20) = Fq(p/fl/zlﬁrﬂ(q —p/ Z)V”% ! x (218, ((q — p/2)?). (48)
A (z1,2,2) = T (p/fl/zl )2q+ e (p/ff(;i =774 = p/2)0E x 27)8,((a = p/22)?). (49)

We will refer to them as the collinear-expanded hard parts in the following of this paper. We also note that
Pk, e q)—yOH‘R"'(kz,k Q)" Hi (ko q) = PPHGO (ko ko ki q)y®s and - Wit (g, p. ) =

51/” (g.p.5). Wi (q.p.8) = Wi""(

We emphasize that all the results given by Eqgs. (31)—(36)
are derived from the series of diagrams such as those shown
in Fig. 2 following the four steps for the collinear expansion
described above. As in [21], we have carried out the
derivations up to the second order in g> and have been
convinced that such derivations can be extended to even
higher orders if needed. The gauge links inside the
correlators =)’s are obtained in the derivations without
any arbitrariness. For example, all the first terms in the
expansion of the W)’s with A* component of gluon field
are summed together to give the W where all the
corresponding terms containing AT and j > 0 go to the
gauge link. The first derivative term in the expansion with
a)ky is converted to @) d, and combines with the
w” Ay(y) term to form the covariant derivative, and so
on. We see also clearly why the projection operator @/
exists in W) for j > 0.

We also emphasize that using collinear expansion we
obtain the hadronic tensor as a sum of the W’s. Each of
these WY) ’s receives contributions from all the infinite
number of diagrams in the diagram series as illustrated by
Fig. 2. The contributions from this diagram series are
reorganized by using collinear expansion so that the
correlators have the gauge invariant forms given by
Egs. (37)-(42). We should note that the contributions of
these W)’s to the hadronic tensor contain the leading and
higher twists as well and can be calculated order by order.
The leading contribution in each WV is twist-(2 + j). We
should also note that, when going to twist-4 or higher, there
are also contributions from other diagrams that are not
included in this diagram series. To make a complete study
in that case, we need also to take those contributions into
account. In this paper, we concentrate only on the results
from this series of diagrams but specify clearly if more
diagrams should be taken into account for a complete
calculation for the specified case.

q,p,S). We give the expressions for both of them for symmetry.

|
B. Simplifying the results

Another very nice feature of the results is that, because
the collinear-expanded hard parts given by Eqs. (44)-(49)
contain only the longitudinal components of the quark
momenta and also due to the presence of the projection
operator @), in the cases for j > 0, these results can be
simplified a great deal. The collinear-expanded hard parts,
multiplied by the projection operator(s) a)ﬁ’ for j > 0, can
e.g., be simplified into

Y (2) = 2xh{s(z — zp). (50)
2
A iz A
H;(tbL)ﬂ(ZhZz)CUﬁ/ =__"B h,(,},)pé(zl - ZB)CUﬁ/, (5])
2p-q
2
~(1,R p V74 ~(1)pt D
AW (21, 2)af) = — = yohiy y06(z0 — 25) )
2p-q
(52)
22 M)po o — e !
H, (21,2, 22) @) @F :Wh 8(z — zp)w), @F,
(53)
H(ZL/"’( ) Wl = 277’-2%3 ( o']fl(l)ﬁ’ ZQZBN}(’%)/M)
21,2,2 A - .
BRI e = g \P M T s —zp—ie
X5(Z] —ZB)(U;;/(UZ/’ (54)

014024-7
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77 (2,R)po /
HEO (20,2, 20) ) o0F

where 75 =2p-q/0>, iz,(}i) =Tinld/p™, }Az,(,L)” =
FZ/L;/”ﬁFZ, N Lzb)p ° = q U,y’nyl,, and fzﬁ)p ° =

p T,ay’ny°al’, /2. We see in particular the following
two features: (1) the z dependence of the collinear-
expanded hard parts, multiplied by the projection operator
wﬁ/ for j > 0, is usually very simple and in particular for
Jj = 0and 1, it is contained only in the ¢ function; (2) these
hard parts for j > O usually depend on a smaller number
of parton momenta compared to the corresponding hard
parts before the collinear expansion. For example,

1—1(1 <) (21, 22) @) depends only on one parton momentum

(either z; or z,); H,w M " (21,2, 2) @) g depends only on z,

while FI/SZV'L)/)(Zl, 2 )W) g or ﬁﬁ’R)ﬂ(Zl’ 2. 2)a)) @f
each has two terms one of which depends only on either
71 Or 2,, the other depends on both z; and z,, but none of
them depends on z. This implies that we can carry out the
integration over some of the parton momenta in the
corresponding correlators and simplify the expressions
for the hadronic tensors. The results are given by

Wi (q.p.8) = 5 Telh =0 (25, p.Sin)].  (56)

= (1L 1 ~(Dp pral
Wi (q.p.S) = —mTr[hfw)pafp/:,(,f)(zB,p, S;n)l,

(57

Tr[hy, ”Twp’é (2, p» Sin)],

(58)

W (q.p.S) = —

Tel[he " w)) Z E04) (25, p.Sin)),

p'c

= (2.M) _ 1

W' (q,p.S)=

e S) =30y
(59)

7Tr[fz(l)”a)”':(%m(z ,p,S;n)
4p-gP T ’

+ N2 af g 207 (25, . S5 1)),

Wt (g, p.S) =

(60)

2772 s2(1
= 2)2 <p &
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R (2)pot
) N,
(i —M)a@ s

55
z1—2zp tie (53)

Wi (q.p.S) = Telhiy o 55" (2. p. S:m)

A(p-q)?
+N p‘”w”’ o2 (2C) (zg, P, S;n)],

We po

(61)

( ) 2(24) 2(2B)

and three correlators e 52y,
and W®

where one correlator =

and £ _p(; 2¢) are 1nvolved for W)
they are defined as

respectively and

Y 1 (1,
2o p.Sin) =5 [ d(1/2)E .20, Sin),

(62)
52 (7. p. Sin) = ) / d(1/2)d(1/2,)
g 21)?

x EZM (20 25,20, p. S2n).  (63)
-, 1
7 (e Sin) = 55 [ d(1/2)d(1/2)p"

7)

x 2 (zp 2 20, p.Sin).  (64)

7 | A0z

222B 2 (2,L
X — :f,,,
2 — 22—

20 (25, p, Sin) =

)(ZB, 2,20, P, S n)

(65)
The corresponding field operator expressions are
+ —
2() ) = PAS iy
=, (z,p,S,n)—zX:/Te prE/z

x (017 (0. 00)D, (0)y (0) X

X (hX[p(§7)L(E7, 0)]0), (66)
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S epsm=3 [F5 LA it I (0170, 00) D () (O) X (X1 (€YD, ()L 0)[0), (6T

A tdEm +
277 apsin) = 3 [P0 1 pr 0110, 60)D, 01D, O O X)X VL 0)0) (68)
X

(‘Cf his should be & - n)

N + +dn—d . . B
220 S;n) / dé p " Z2 w0t e~ P & fmiptn [z
po (2. D, Z 27‘[22Z2—Z—i€

x (0L (™ w)Dp(ﬂ’)Da('l’)ﬁ"'(O, ) (0)[AX) (hX [ (E7)L(S™, 00)[0). (69)

We note once more that, because a the hard part A L},‘R)p (21, 22)@], depends only on one of the two parton momenta, we can

carry out the integration over the other and obtain the correlator = ( ) that depends only on the corresponding one parton
momentum. In terms of the field operators, this implies that the gluon field or the covariant derivative is at the same space-
time point as the quark (or antiquark) field. This is similar for the cases with even higher j. Again, such results are derived in
this systematic formulation using collinear expansion.

To proceed further, we expand the involved matrices =’s in terms of 7 matrices. Since both iz,(,?,), fz,%)" , fz,(fp)p ? and N ,(3,)” 7 all
have odd number of y matrices, only y, and ysy, terms in the expansions of the £’s contribute. For example, for j = 0 and 1,
we denote

2Oz, p, Sin) = (2. p. Sim)y* + 0 (2, p, Simhysy™ + -+, (70)
&(1) S:n) = =0 S )y 4 =) S: LRI 71
=p (Z’ P, ,I’Z) —pa (Z’ P, ,I’Z)}’ + —pa (Z’ p; ’n)yS}/ + ’ ( )

and obtain the hadronic tensors as

~ 1 A —_ ~ =
Wi (g p. ) = 3 {Te[hfe v 12 (2. p. Si 1) + Tl ysr1EL (25. p. Sim)}. (72)
Wit = = o (Tl P e . Sin) + Tl s E e . i) 73)
- 1 N (D ~ o ~(1)*
Wi = — AT o 2 . Som) T o) o Z) (2. . S (74)

The involved matrix elements are given by

=0 psin) = 3 [ e Tl 0170, oo (O)X) (X)L o0) O] as)

e psm =3 [P A Ty, 010, o)y O)X) (X () £ 0)]O)] (76)
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=W psin) = Y [ T 01270, 000D, OO XL 0] )

e psim =Y === A o el 5 (0170, 00)D, O (O) XV X () EE . 0)0)). (78)

They are Lorentz vectors and tensors of second rank with
different behaviors under space reflection, respectively. We
note in particular that, as can be seen from Egs. (75)—(78),
the dimension of = H((,O) or :((;)) is 1 while that for Hf)}x) or Hpa)
is 2. This is important when we analyze the Lorentz
structure of them in terms of the 4-vectors p, n, and so
on. Also because of parity invariance, we have

=0(z. p. Sin) = ZO0(z, p, =8: ), (79)

=0z, p.Sin) = — ~S:7),  (80)
where the tilded vector denotes p# = (p°, —p). We empha-
size that S in the argument in general specifies the spin state
of the hadron 4. In the case of spin-1/2 hadron, § is just the
polarization vector as usually used and we have Egs. (79)
and (80) for parity invariance. For spin-1 hadron, the whole
set of variables needed to describe the spin state are more
complicated. This will be discussed in a precise manner in
the next section where hadrons with different spins are
considered separately. It should also be mentioned that, as it
is known in literature (see e.g., [2-4] and the references
given there), that time-reversal invariance does not con-
strain the form of fragmentation functions because of the
presence of final state interactions between the hadron A
and remaining multihadron state X in the jet.

Based on the Lorentz covariance, we can analyze the

Lorentz structure of these matrix elements HE,,()), :{(10)’ Eﬁl),

and :'f,a) in terms of the involved four vectors p, n, and S.
We express these matrix elements in terms of different
Lorentz covariants constructed from p, n, and S and scalar
functions of z. These functions of z are just different
components of fragmentation functions. For example, an
analysis of = ua Yand "fxo up to twist-3 is given in [4].
Inserting such expressions into Egs. (72)—(74), we can
calculate the hadronic tensors and the differential cross
sections and obtain their relationship to the fragmentation
functions. Such relationships are in general different for
hadrons with different spins. We calculate them for spin-0,
spin-1/2, and spin-1 hadrons respectively in the next sections.

We note that calculations of differential cross sections
including twist-3 contributions have been carried out in
literature such as [6] for even more complicated process

et + e > h + hy, + X via electromagnetic interaction
for spin-1/2 hadrons. As most of the higher twist calcu-
lations carried out earlier, the approaches given there are
different from that presented in the current paper in the
following way. In contrast to what we do here, the
calculations given there do not start with a formalism after
the collinear expansion. Instead, they usually start from the
hadronic tensors such as the W,(w), Wl(,,, L) and W,a,, ) given
by Egs. (5) and (9) obtained directly from the Feynman
diagrams as given in Figs. 2(a) and 2(b), extract the twist-2
and -3 terms by making appropriate approximations during
the calculations, and insert the gauge link(s) whenever
needed to guarantee the gauge invariance. It is not studied
whether collinear expansion can be applied to such a
process in a systematic way. A systematic formalism is
lacking and it is in particular not obvious where the gauge
link comes from and whether the calculations extend to
even higher twists. In this way, one usually obtains the
same results for leading twist contributions as we do using
the formalism after the collinear expansion but might get
different expressions at higher twists since the higher twist
correlators are usually different. The higher twist correla-
tors used in the formalism after collinear expansion are
the =’s such as those given by Egs. (38) and (39) where
covariant derivatives are used while those before the
expansion are the IT’s such as those given by Egs. (11)
and (13) where gluon fields are used in the corresponding
places.

III. THE HADRONIC TENSOR UP TO TWIST-3

In order to obtain the hadronic tensor and the cross
section, we need to expand the :§,°>,:,§°>,_§,;>,:g},>,
according to the Lorentz structure. This expansion depends
strongly on the spin of the produced hadron 4. In this
section, we present the results for the hadronic tensors up to
twist-3 for spin-0, spin-1/2, and spin-1 hadrons, respec-
tively. The results for the differential cross sections for
hadrons with different spins are presented in the next
section.

A. Spin-0 hadrons

The situation is simplest for spin-0 hadrons such as
mesons in the J¥ = 0~ octet. This is also the same if we do
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not consider the polarization for hadrons with non-
Zero spins.

For spin-0 hadrons, to the leading twist, we need only to
consider

2O (z, p;n) = p®Dy(z) + - . (81)

By inserting Eq. (81) into Eq. (72), we obtain
~ 1 ~
W (q.p) = er(hLﬂ)p)Dl ) (82)
B

We carry out the trace Tr(iz,gpfa)
where d,, = g, —n,n

(c4)? + (c 4

ch)? and 4=

_4((’1 % + icgelyb)’

7 _ 0 O q _
n;tnw Elw = 8/411/)(;”/” , € =

2cl ¢, and obtain
W 2 o
23 (q’ P) ZB (LI d;u/ + lc38L;w)Dl (ZB)’ (83)
where D|(z) is given by
Z d& .
_ = 5 —ipté /zT +
)=3 EX: / 21 ¢ tlr

x (hX|p (&)L

(01£7(0. c0)yr(0)|1X)
(67, 00)[0)] (84)

is the leading twist fragmentation function in the unpolar-
ized case. It can eas11%/ be seen that q"d,, =0 and
q"e1,, =0, so that ¢'W

For eTe™ —» y* - qg — h + X i.e., eTe” annihilation
via electromagnetic interaction, the corresponding results
can be obtained by putting ¢{, = 1 and ¢ =0, i.e., ¢f =
and ¢ = 0 into the above-mentioned equatlons Hence,
we have

oo 2
WL%) (q’p):_gd;le(ZB)' (85)

We see that, for the weak interaction, the hadronic tensor
given by Eq. (83) contains a symmetric and an antisym-
metric part while for electromagnetic interaction only the
symmetric part is left.

In can easily be shown that the twist-3 contribution in
this case is equal to zero. This can be shown by analyzing
the Lorentz structure of H,(,L) and H;,a) Hence, the result
given in Eq. (83) is also the complete hadronic tensor for
spin-0 hadron production up to twist-3.

B. Spin-1/2 hadrons

For spin-1/2 hadrons, the polarization is described by
the polarization vector S¥. At high energies, this polariza-
tion vector S¥ is usually decomposed into the transverse
polarization vector '] and the helicity 4, components,

+ M
s :/lhpﬁﬁ”—l—S’i—/thn”. (86)
p

PHYSICAL REVIEW D 89, 014024 (2014)

We see that, compared to the 77 component, the n | and the n
components are suppressed by a factor M/pt and
(M/p*)? respectively after the Lorentz boost hence con-
tribute only at higher twists. Up to twist-3, we need to
consider W,<w>(q p) and W,<w>(q, p). After an analysis
of the Lorentz structure of the correspondmg correlators

=20a(z, p,S;n), 20z, p,S;n), E(z, p,S;n), and
:(1) “(z,p.S; n) as functions of p, n, and S, we obtain
that, up to twist-3, we need to consider the following terms:

Z204(z, p,S;n) = p®D;(z) + MeTS |, Dy (z) +

®87)

ZE9%(z, p, S;n) = 4up*AD,(z) + MSAD7(2) + -+
(88)
ZE(I),()(I(Z7 P, S: n) — MET/SMP%%(Z) 4+ (89)
EV (2 p.Sin) = iMS pES() +- (90)

where all Dy, Dy, ADy, ADy;, f(jg and E(j; are scalar
functions of z.

Carrying out the
4(C11]n{ﬂbLu}ySyl + icgnU:SLu])/p+’

0 .

Tr[hYysp] = 4(cld,, +iclei,), where  AgB, =
A,B,+A,B, and A, B, =A,B,— A,B,, we obtain that,
for spin-1/2 hadrons, up to twist-3, the hadronic tensors are
given by

traces, such as

0
Tr [h,(,b) YafT 181, =

i 2
0 .
W2 8= { (el ictes)D: )
+Ap(cid, +icle ) AD  (z5)

M .
+p_+(cllin{/4‘gj_b}ys}l+lcgnDASLv] )DT(ZB)

M .
_p_+(c‘31n{”SJ_,,}—tc‘{n[ﬂen]ySi)ADT(zB)},

1)
~ 2 M
W/(AiL)((/L P, S) = 517 ) q( 1p1/8J_;¢yS lc3vaLu)
x [612(z5) + E2(z5))- 92)

We see that, besides D;(z) defined in the previous sub-
section, there is another leading twist fragmentation func-
tion AD,;(z) that contributes to the hadronic tensor and
AD;(z) is defined by
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3D (E) = §37 [ e Tl 501 (0. 0) X)Xl )£ o)) ©3)

The two twist-3 fragmentation functions, Dy(z) and ADy(z), are given by

*d Vel a ; _ -
LTRSS [P e S el 01 0. ol (O (XIp (€ )EE - o)0)). 04)
d b + _
MSLADI(E) = {3 [P e TS s 0127 (0. 0o O XN X )L(E )0 99)
|
where §7 = —|S,|*. The other two twist-3 fragmentation ~ This leads to

functions, filg(z) and E(ll_)q(z) are not independent. They are

related to Dy(z) and ADz(z). In fact, using the QCD D — _Rele) (1) 08
equation of motion y - D(x)y(x) = 0, we obtain r(2) Rel€15(2) + E15(2)] ©8)
+
p—E(O)/’(z, p.S;n) = —n,[ReEre(z, p, S;n)
z
+ & Im=V(z, p.S:n)],  (96) 5
AD;(2) = 2mfe(2) + & (2)). (99)

_ ~ By inserting Eqgs. (98) and (99) into Eq. (92), adding the
E(O)p(z, p.Sin) = _”a[ReE(l)pa(Z, p.S;n) contribution from W,(,(,),) and that from V~V,(4L> together, we
obtain the complete result for the hadronic tensor up to
twist-3 as given by

p+
z
Im=1(z, p, S;n)].  (97)
|

+el

(2

2 ) .
W.(q.p.S) = z{ (cldy, +icle?)D\(zp) + Ay(cid,, + icle ) AD  (z5)
B
M q 4 P4
o [cV(q —2p/28) (ue 103, +ic3(q —2p/28) S 1)) D7 (28)

_ % [¢3(q—2p/28) (uS10y — ici(q — 2p/zB)weLy]},S£]ADT(z3)}. (100)
It is easy to verify that ¢*W,, = 0.

We note that the first term in this case is the same as that obtained in the case for spin-0 hadrons. The other terms are spin
dependent hence do not exist for the spin-O case. The second term depends on the longitudinal component of the
polarization while the other terms depend on the transverse components of the polarization. We will come back to this point
in the next section.

If we consider ete™ — y* — qg — h + X, we have

2 . M
Wil (q.p.S) = - {_d;le(ZB) + idpe 1, AD (25) + I (¢ —2p/28) 101,57 Dr(25)
B :

.M
+lﬁ(‘]_2P/ZB)U4€Lv]ySﬁ_ADT(ZB)}- (101)

We see that the terms remaining include a symmetric spin independent leading twist term, an antisymmetric longitudinal
spin dependent leading twist term, and also a twist-3 transverse spin dependent term. They can give us measurable effects
that we will discuss in the next section.
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C. Vector mesons

For the spin-1 particle, we need to use the 3 x 3 spin
density matrix p to describe the polarization state. We all
know that p is a Hermite and normalized (i.e., Trp = 1)
matrix hence has 8 degrees of freedom. This means that we
need eight independent variables to describe the polariza-
tion state of the vector meson. We choose to decompose p
into a polarization vector S# and a polarization tensor 7+.
In the rest frame of the vector meson, p takes the following
form [30]:

p= (1 + %sizf + 3Tff'zif>, (102)

[SSAIE

145, , S
)

(S5, +iSy ) +(S54iSy)

P = a

PHYSICAL REVIEW D 89, 014024 (2014)

where Y is the spin matrix for the spin-1 state, XV is

defined as
| . . 2
YU =— (2 + 22| —=6;; |.
(e 4e)-3a)

T' is a traceless symmetric tensor and is parametrized in
X ij
terms of S;;, S;r, and Syr,

(103)

| (T3Su kS S Sir
T = 3 S7r _§SLL’ - S7r 45“27 ., (104)
Sir Sir 3511

so that the spin density matrix p is given by

SE4+iSyr
2

The polarization vector S¥ is similar to what we have for
the spin-1/2 particle and in a moving frame of the vector
meson, $* behaves as a Lorentz vector in the same form as
that given in Eq. (86) and satisfies p - S = 0. The physical
meaning of the polarization vector S* is also clear and is
similar to that for the spin-1/2 particle. 7" = T* is a
symmetric Lorentz tensor satisfying p,7* = 0. The differ-
ent components of 7% have also clear physical signifi-
cance. The ranges of values of these parameters are e.g.,
—1<8,, <3 —1<8,,<1, and —1 <S7, < 1. From
Eq. (105), we see clearly that S;; is directly related to py,
that describes the so-called spin alignment of vector meson.
Other components of 7% are related to the probabilities for
the vector meson to be in different transversely polarized
states. A detailed description can e.g., be found in the
Appendix of [30].

Using such a decomposition of p, we should obtain the
quark correlators as functions of n, p, S¥, S;;, S’zT, and
S’ For the inclusive process, the contributing terms up to
twist-3 are given by

ZE(O)G(Z, D, S; n) = pa[Dl (Z) + SLLDILL(Z)}
—+ ME(JI_VSL},DT(Z) + MSZTDLT(Z)
L (106)
220z, p. Sin) = 4, p“AD;, (2) + MST AD(z)

+ MeY Sy, AD 1(z) + -+, (107)

(83 ,—iS) ) +(S3—iS}) S —iSp.
2v2 2
1-2S (=85, 4iSy )+ (S5—iS})
LL LT lii/i T T (105)
(=85 ,—iS] ;) +(S3+iSy) 1+S, St
2V2 3 2

220 (z, p, Sin) = pU[MEYS |, E\3(2) + MS) &} (2)]
T (108)

=Pz p, S;n) = ip“[MS’i;Eﬂ;(z)

+ MY Sy, BN ()] + . (109)

By inserting the above expansion into Eqgs. (72)—(74),
carrying out the traces, and by making use of the relation-
ships such as

Dyr(z) = —zRe[&)5(z) — El)(2)].  (110)
AD1(z) = —zImlE})5(2) — E7(2)), (111)

derived from the equation of motion to replace é(Ll;S or ZE(LIT)S
by D, or AD;;’s, we obtain the hadronic tensor for vector
meson as
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2 g .
W.(q.p.S) = = {—(C‘fd;w +icie?)[Dy(z5) + S1oDirr(zp)] + An(cid,, + icle ) AD(25)

B

M .
+ boa [c{(q—2p/28) (ue10), S +ic3(q —2p/25) S 1)) D7 (2)

M .
+ ﬁ [C?(CI - Zp/ZB){ﬂSLT.D} - lcg(q - 2p/ZB)[;4€Lu]yS£T]DLT(ZB)

M .
T [¢3(q —2p/28) (uS10y — ic{(q —2p/z8) € 11)yS |AD1(2p)

M .
g [¢3(q —2p/25) (u€ 10y, Str + ici(q — 2P/ZB)[,,SLT.I/]}ADLT(ZB)}-

(112)

Again, we can obtain the corresponding hadronic tensor for e™e™ — y* — gg — h + X by putting ¢;, = 1 and ¢; = 0

into Eq. (112), and it is given by

2 . M
Wil (g, p.S) = — {_d/w[Dl (z8) + SpeDirr(zp)] + idpe L AD(25) + »a (9 —2p/28) u€10),S Dr(25)

<B

M .M
+ boa (9 —2p/28) (uSrr0yDrr(zs) + o (¢ —2p/28)u€1.),S AD1(25)

.M
- lﬂ (q— ZP/ZB)[ﬂSLT,p]ADLT(ZB)}'

(113)

From the results given by Egs. (112) and (113), we see a similar structure as that in the case for spin-1/2 hadrons, i.e., a
spin independent leading twist term that is the same as in the case for spin-0 hadrons, a longitudinal polarization dependent
leading twist term, and a number of transverse spin dependent twist-3 terms. We have, for vector mesons, in particular also a
leading twist S;; term which is related to the spin alignment and we will discuss in detail in the next section.

IV. THE CROSS SECTION AND POLARIZATION
OF HADRONS PRODUCED

By inserting the hadronic tensors obtained in the last section
into Eq. (1), we obtain the differential cross sections in the
corresponding cases. From the cross sections, we obtain not
only the production rates of the hadrons but also the
polarization of the hadrons produced in different cases. In
this section, we present the results for hadrons with different
spins respectively. In this paper, we consider only the reactions
with unpolarized electrons and unpolarized positions.

A. Spin-0 hadrons

By inserting Eq. (83) into Eq. (1), we obtained the
differential cross section for inclusive hadron production in
ete™ annihilation as

do  2d?

pE:fQMTo(Y)Dl(Z% (114)

where a = 62/471' is the fine structure constant, y =
0*/[(Q* — M2%)? + T2M%]sin*20y, is a kinematic factor

depending on Z° mass and Weinberg angle, the coefficient
T, is a function of y and is given by

T4(y) = c{cA(y) — c§csB(y). (115)

and A(y) = (1—y)>+y% B(y)=1-2y. Here, y is
the longitudinal momentum fraction of electron defined
as y=Il-n/k-n=zI{/p" so that [, =ypTi/z+
(1=9)20°n/(2p*) + 11,11 = (0,0,1,,,0), 11| =l1.|=
Vy(1—=y)0. In the e"e~ center of mass frame,
y=(1+4+cos #)/2, where 0 is the angle between the
incident electron and the produced quark. In terms of 9,
A(y) = (1 +cos?0)/2 and B(y) = —cos 0. The coeffi-
cient function Ty(y) is flavor dependent and is essentially
the relative weight for the contribution from the given
flavor.

We note that the differential cross section is in general a
function of z =z and y. We can change the variables
and obtain the differential cross section with respect to z
and y as
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d*c  2ma?

dedy FXTo(y)Dl (2)- (116)

We emphasize once more that z = p™/k™ is the light cone
momentum fraction of the quark carried by the hadron and
y=1[/k" is the light cone momentum fraction of the
incident electron which is determined by the angle between
the electron and the quark and is given by y = cos?(6/2) in
the c.m. frame of e"e™. The y or 6 dependence is contained
in the coefficient function Ty(y). We can carry out the
integration over y or @ and obtain

do  2na?
— = —=y1yD;(2),

yra (117)

where 7o = [dyTo(y) = 2c{c§/3 is a flavor dependent
constant.

The corresponding results for ete™ — y* - gqg — h +
X are obtained by putting ¢! =1 and ¢ =0 into the
corresponding equations. In this case, we have,
To(y) = A(y), independent of the flavor, the kinematic
factor y = 1 and g?/16 should be replaced by 6465. Hence,

do®™ 2(1262

q 2 442
v iy = gr [+ YID). (118)
In terms of z and y, we have
do™ 27‘[(126[21
—= 1—3)? +y4D (). 119
Carrying out the integration over y or 0, we have
do°" 47taze§
=——="D(2). 120
dz 3Q2 I(Z) ( )

If we write out the summations over flavor and color
explicitly, we have, e.g.,

2rwa? -
fNZ TP @), a2

dzdy

where the sum over ¢ runs for all quark and antiquark
flavors involved, and for antiquark, it can easily be seen that

TI(y) =Td(1 —y), and the fragmentation function is
defined as

q—»h el tE +
DI =33 [ e 00l 0. e

 (hX|LT (& co)y (£, 00)0). (122)

For ete™ — y* = qg — h + X, the cross section takes
the form
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do™ dro? ShiX
dz Z 30° e @)

(123)

which is just the result used usually when describing
hadron production in e™e™ annihilation at high energies
in the unpolarized case.

B. Spin-1/2 hadrons
For hadrons with nonzero spins, we can calculate not
only the differential cross section but also the polarizations.
Here, we present the results for cross section and polari-
zation for spin-1/2 hadrons.

1. The cross section

We insert the hadronic tensor given by Eq. (100) into
Eq. (1), and we obtain the differential cross section for spin-
1/2 hadrons as

=2 110 + 4T (018D )

+% (€57 (y)Dy(2) + 1. - S, T5(y)AD1(2)] }

(124)

We see that, besides the first term that is equivalent to what
we have for spin-O0 hadrons, there are three other spin
dependent terms where the coefficient functions T';(y)’s for
quarks are given by

Ty(y) = —c§cfA(y) + c{csB(y), (125)
Th(y) = —cics + clciB(y), (126)
T5(y) = c‘{cg’ — cgch(y), (127)

and these for the antiquarks are related to those for the
corresponding quarks in the following way:

Ti(y) = Ti(1 —y), (128)
Ti(y) = —Ti(1 —y), (129)
T(y) = —Ti(1 —y). (130)

We see also that 7 (y) and T (y) are just the first derivative
of To(y) and T;(y) respectively, ie., T,(y)=

—(1/2)dT§(y)/dy and T5(y) = —(1/2)dT(y)/dy.
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Denote the angle between S | and Z_ by ¢,, we obtain
el = |1, ]|Sy|sin ¢ and 1, Sy = —[1,]|S||cos .

|| =+y(1—y)0 =sin 6Q/2. So the cross section

can also be expressed as

(o} a2
v =xf?{[ro<y>01<z> ATy ()ADy(2)

+%\§L|\/M[T2(y)DT(z) sin ¢,

= Ty(3)aDr(e)cos ] . (131)

We see that AD;(z) is responsible for the longitudinal
polarization of the hadron while AD;(z) and Dy(z) are
sources of the transverse polarizations in and transverse to
the leptonic plane, respectively. We will come back to this
point in the next subsection.

In terms of z and y, we have

do 2rwa?

va = or { [To(y)D1(2) + 4 T1(y)AD; . (2)]

aM - -
+— 18, |[T>(y)Dr(z) sin ¢,
4

- Tu()ADy (2)cos ]}, (132)

where T:(y) = \/y(1 — y)T;(y). Carrying out the integra-
tion over y (or 6), we have

do 2ra?
ye :%? { [toD/(z) + AptiADy 1 (2)]

+ i_g 11|01 (2) sin ¢ — 4Dy (2) cos ¢S]}’
(133)

where t; = [ dyT;(y) are flavor dependent constants deter-
mined by ¢ and ¢, i.e., t; = —2cc$/3, 1, = —ncics/8,
and 73 = nclc§/8 .

By inserting ¢; = 1 and ¢3 = O into these equations, we
obtain the corresponding results for ete” — y* —
qq — h+ X, where we have T,(y) =T;(y)=0 and
7~’2(y) = +/y(1 —y)B(y) = —sin 20/2. Hence, the cross
section is given by

de™  2a%e?
I ?4‘1 {Dl (z)(1 + cos?0)

Y
— |SJ_|7QDT(Z) sin 26 sin ¢S} (134)
<

In terms of z and y, we have
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do*™  2rate’

=02 4y

. 4
— 5.2 VAT =301 = 29)Dr () s ¢s}.
(135)

Carrying out the integration over y, we see that all the twist-
3 terms vanish and we obtain

do®™ 4 2
o T 2py(2), (136)

dz - 3Q2 q

which is the same as that obtained for the spin-O hadron.

2. Hadron polarization

From Eq. (132), we see that the spin-1/2 hadron
produced in ete” — Z - gg — h+ X is longitudinally
polarized. The longitudinal polarization is given by

T,(y)AD.(2)
To(y)Di(z)

We write out the flavor index and summation over the
flavor explicitly so that Eq. (137) takes the following form:

S =, TH0)ADE (@)
P 0Dz

We recall that T{(y) represents the relative weight for
the contribution from quark (antiquark) of flavor ¢ and
Eq. (138) can be rewritten as

Ppy(z.y) = (137)

(138)

Y PWTE0)ADT" (2)
TP (@)

where P, (y) = T{(y)/T§(y) is the polarization of the
quark produced. Such quark polarization has been calcu-
lated explicitly in e.g., [31] and the numerical results can be
found there. It is also clear that AD?,”"(z) is nothing else
but the spin transfer in the fragmentation process.

We see that the polarization is in general different for
hadrons produced in different @ directions. The 6 or y
dependence comes from the y dependence of T; which
describes the relative weights and polarizations of the
quarks of different flavors. To study the fragmentation
functions, we can integrate over y or 6 and obtain

Pry(z.y) ; (139)

—)h
R o 7V LC T
Lh\Z) = g Nqg—h )
> qtoDi " (2)
where P, =t]/t = —c/c{ is the polarization of the

quark of flavor ¢ averaged over different directions.
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It is also very interesting to see, from Eq. (132), that
although the quark and/or antiquark is longitudinally
polarized in eTe” - Z — qg — h+ X, the produced
hadron % can possess also a transverse polarization at
the twist-3 level. We take the helicity frame of 4, i.e., take
the direction of motion of 4 as the z direction, and we
obtain

4M Y2, T4(y)ADT ™" (2)
P(z,y)=——=4— , 141
h (Z y) 30) Zng(y)D‘]]_)h(z) ( )
am Y, T4(y)DF" (2)
P, (z,y)=—=4 =" "~ 142
W= mepri

for given y or 6. Here, we recall once more that the x and y
directions are defined in or transverse to the leptonic plane.
Integrating over y, we obtain

4M 3 HADI (2)
P =" 143
hx (Z) ZQ Zq thcl]—)h (Z) ( )
74 g—h
Py(2) = M 22D () (144)

ZQ Zq Dq—>h Z .

If we consider eTe™ = y* — qg — h+ X, we see that
the longitudinal polarization and the transverse polarization
inside the leptonic plane vanish, ie., P¢%(z,y)=
P¢™(z,y) = 0. However, we can still have a nonvanishing

polarization transverse to the leptonic plan at the twist-3
level. The result is given by

pin(y) = MVHT=3)(1=29) ZyeiDE ()
T G et
(145)

or in terms of the angle 6,
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2M sin20 Y, e2D4” "(2)
20 1 +cos0y, ZDq*"( )

P (z,0) = (146)

This polarization vanishes also after the integration over y
or 0, i.e., P{y = P;' = P;i = 0.

We note that such a transverse polarization has also been
expected in [6] where calculations of differential cross
section of two hadron production ete™ — h; + hy + X
have been carried out starting directly from the hadronic
tensor reading from the diagrams similar to those given by
Fig. 2. The results take the same form when appropriate
gauge link is inserted the fragmentation functions
given there.

Experimental studies on the longitudinal polarization of
the A hyperon have been carried out by ALEPH and OPAL
collaborations at LEP [13,14]. The data show a clear
polarization and can be used to study the properties in
general and to obtain a parametrization of ADy;(z) in
particular. Such parametrizations exist already in literature
and can be found e.g., in [7]. We will not go to the details in
that direction in this paper.

Little discussion can be found on the transverse polari-
zation presented above for e e~ annihilation and there is
no measurement available yet. We emphasize that such
measurements are very useful in studying higher effects in
general and provide us direct information on the twist-3
fragmentation function given in Eq. (94) in particular.

C. Vector meson

For hadrons with spin-1, e.g., the vector mesons, the
spin dependence is more complicated thus making the
study even more interesting. Here, we present the results for
the differential cross section and the results for the spin
alignment factor p, in the following.

1. The cross section

By inserting the hadronic tensor Eq. (112) into Eq. (1),
we get the cross section,

do 202
= 2 [To0ID ) + To)SuuDuva o) + AT ()AD ()
aM - ~
+ — |SJ_|[T2( )sin @ Dr(z) — T5(y) cos ¢ AD7(z)]
4M ~ ~ .
+ Y |SLTH T»(y)cos @rrDpr(z) + T3(y) sin ¢ 7AD 7(2)] }’ (147)

where ¢; 7 is the angle between S o7 and Zl. We see that the cross section in general depends on the polarization of the vector
meson. We also see that the coefficient functions 7';(y) describe the relative weights and polarizations of the quarks and/or
antiquarks of different flavors. They are the same as those defined in Sec. IV B for production of spin-1/2 hadrons.
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In terms of z and y, we have

do _ 2rwa?
dzdy ¥ 07

aM - -
+ 4, T1(y)AD;(2)] +E IS [[T>(y) sin @;D7(z)

{[TO(Y)Dl (2) + To()SeaDrs (z8)

— T5(y) cos ¢,ADy(2)]

+ E |§LT‘ [_Tz (v)cos @D r(z)

() sin 1pADyr(2)] } (148)

Carrying out the integration over y or 0, we have

do 2na®
&0 )({ (toD1(2) + 1L D11 (2) + 4311 AD 1 (2)]

aM - . . -

+ 0 |S_|[t sin @,Dr(z) — 13 cos pAD7(z)]
a4M - _

+ 20 ISL7l [~ cos @ D1 (2)

+ 13 sin §0LTADLT(Z)]}~ (149)

For the electromagnetic interaction process eTe™ —
y* = qq = h+ X, the corresponding result is obtained

by putting Ty(y) = A(y), Ti(y) =T5(y) =0, T»(y) =
y(1 —y)B(y), and we have

do™  2d’e’
W_ o' {A(y)[Dl( )+ S1Dy1(2)]
+zAQ4 B(y)[e'-5* Dy (2 )+ZL'SLTDLT(Z)]}‘
(150)

In terms of z and y, we have

do" 2n'a e
dzdy {A )+ SpeDipr(z)]
M R
+ 2o VY =)BO)ISL]sin 4,D1(2)
— |Sy7| cos ¢LTDLT(Z)]}~ (151)
Carrying out the integration over y, we obtain
d(re’" , 4ma
az e 307 [Dl(Z) +S..D11L(2)]. (152)
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2. The spin alignment

Polarization of the vector meson has been studied
in [15-17] by OPAL and DELPHI at LEP where pg, has
been measured in the helicity frame of the vector meson.
Phenomenological studies have also been carried out in
e.g., [32]. From the results obtained above, we see clearly
that pgo can be expressed in terms of different components
of the fragmentation functions. We present the results in the
following.

From the differential cross section, py, can be calculated
in the following way:

dGOO
do™t +do® + do—

Poo = (153)

where the superscript of o denotes the helicity of the vector
meson. These cross sections can easily be calculated by
inserting the corresponding values for the parameters S into
Eqgs. (148) and (149). For example, for do*, we calculate
the cross section for vector meson in helicity state 4, = 1;
hence, p, . =1 otherwise p,,, = 0. This implies that
S = %, S; =1, and all the other components of S are
zero. Hence, we have

dott 2l 1
djdy :X% {To(y)[Dl(Z) + §D1LL(Z)]
+ Tl(y)ADlL(Z)}' (154)

Integrated over y, we have

dott 2ra? 1
dz :X? {fo |:D1(Z) +2D1LL(Z):| + tlADIL(Z)}~

(155)

Similarly, for 4, =0, S, = —1, S, = 0, and all the other
components of S equal to zero. Hence, we have

de™ 27[0:2

ddy - O —5xTo(y)[D1(2) = Dy (2)], (156)
de®  27a?
e 7)ﬂ0[D1(z) =Dy (2)] (157)
For, =-1,8;;, = % S; = —1, and other components are
zero, so that
do—  2na? 1
dzdy FX{TO()’) {DI(Z) +5D]LL(Z):|
- Tl(y)ADlL(Z)}» (158)
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ez o X 2
(159)
Hence, we obtain py, as given by
1 13, T60DT (2)
Po0(2:Y) =2 =2 g i (160)
3 3%, 16D (2)
or integrated over y or 0,
1 D7 (2
poo(z) = 3 12.46D131 () (161)

335,407 ()

where we have written out the summation over flavor
explicitly.

From Egs. (160) and (161), without knowing any detail
of the fragmentation functions, we are already able to see
the following features for the spin alignment parameter p,
in eTe~ annihilations. First, the spin alignment pg, for
vector mesons produced in eTe™ annihilations does not
depend on the polarization of the quark and/or antiquark
produced at the e*e~-annihilation vertex. This can be
understood since poy = 1 — (p,, + p__) describes only
the difference between the vector meson in the helicity +1
and helicity zero state but has nothing to do with the quark
polarization in the helicity direction. Second, besides the
fragmentation function itself, the quark flavor dependence
comes in only in the relative production weight. Since the
fragmentation function is determined by strong interaction,
the isospin symmetry is valid and even SU(3) flavor
symmetry is approximately applicable to a good accuracy.
Furthermore, the spin structures of vector mesons of
different flavors are similar to each other. Hence, if we
consider only the light flavor vector mesons, we expect that
Poo 1s approximately the same for different mesons. Such a
feature is in contrast to the polarizations for spin-1/2
hadrons discussed in the last subsection where different
hyperons are expected to have rather different polariza-
tions. This feature for py, is consistent with the data
available [15,17] and can be further checked by future
experiments.

For the electromagnetic interaction process eTe™ —
v =493 = h+X,

-1
em 1122, gD (2)

Poo = Shy N (162)
333,01 (2)

which implies that even unpolarized quarks could lead

to longitudinally tensor polarized (S;;) vector mesons.

The qualitative features discussed above apply also here.
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V. THE TWIST-4 CONTRIBUTIONS

Unlike the twist-3 contributions, in inclusive hadron
production in e™ e~ annihilation at high energies, the twist-
4 contributions are mostly power suppressed corrections to
the leading twist contributions whatever measurable quan-
tities that we study. Hence, the observable effects led by
these twist-4 contributions are usually not very obvious and
are difficult to separate from the leading twist contributions.
In this section, we give an example to illustrate how the
calculations for such contributions can be carried out by
using the formalism presented in Sec. II. We should note
that the twist-4 contributions that we present in this section
are results from the diagram series as illustrated in Fig. 2. It
is not intended to be a complete study of the twist-4
contributions for the reactions. There are also other sources
such as four quark correlators that contribute at twist-4. A
complete study should also take them into account. In this
section, we only present the results from the diagram series
considered in this paper to show how to calculate twist-4
contributions in the formulism described in Sec. II.

From the diagram series that we consider in this paper,
the sources of the twist-4 contributions are from the quark-
quark or quark- gluon quark correlators such as y yy,
y wD , and y"wD | D, . These contributions are con-
tained in Wf,,,)(q p,S), W,(w)(q p,S), and W,(,,,)(q p,S),
respectively. We can pick them up from Egs. (56)—(61) and
(66)—(69). They are given by

. 1 o)
Wit (q.p.8) = 3 Telhw 20 (cp. p.Sim)]. (163)
3 1
Wfllb’“)(f],l’,s) = —F Tr[h< w,” (1) (ZB p.Sin)],
(164)
Wi (q.p.S)
1 2, <z )
= Tr[hy ), zp.p,S;n)], (165)
a7 [y - (28, )l
(2L4 (q,n S)
1 «(2)po 2(2C)
=—— S Tr[Ny 0,/ 0,72 (25, p. S;n)], (166)
4p-qF v 8

and W Y(g.p.8) = Wi (q.p.5), WY
(g,p.S) = £f,“> (¢, p.S). Here we use the number
4 in the superscript of W to specify twist-4 contributions.
The matrices =), L(L), and Jﬂ),o are the (y_, ysy_), (v,
ysy1), and (y,, ysy,) components, respectively, of the

corresponding =’s. They are, e.g., defined as
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é(O)_( _EO) 45y 5<_)), where Ez(x0> and é((zo) arc

defined in Egs. (75) and (76). = = corresponds to the
y yy terms, similar for the others. We pick up these
contributions by analyzing the Lorentz structures of the
corresponding =,’s and éa’s.

The Lorentz structure of these components of the
corresponding =’s that contribute at twist-4 level are
given by

2
=(0) M
_J,»D—(Z)n(l—i_...’

2= (2, p.S;n) = (167)
~ M?
Z0(z, p, S;n) = 4 SFAD- (2)ng+---,  (168)
=20 = i, M2 AD ) (2) + M2 D\ () + - -,
(169)
=00 — 3, M2areAD (2) + im2e7 DV (2) + -
(170)
ZE(ZA)/)(m _ l.ﬂthé‘ig])aAD(Z) (Z) 4 MZd/mp(zD(Z) (Z)
T (171)

ZE(ZA)/”W _ ﬂthdpapaAD(z) (Z) + iMzeﬂ_"p“D(z) (Z) +

(172)

ZE(ZC)pzm _ M2dpa aD(ZL ( ) llthZE/’D' aAD 2L)( )

(173)

=(2C)poa _

= M2d 3, p* ADP) (2) + iM?e7 p* D1 (z).

(174)

Here, the subscript of the D’s or D’s to specify that it comes
from 7, L or n component, the superscript specifies from
which = it originates; those with A are longitudinal spin
dependent, and those without A are spin independent. We
see that the D_(z) term just corresponds to the n compo-
nent of the hadron momentum p as we mentioned in Sec. II.
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Again, equation of motion y - Dy(z) = 0 relates

1

5D =2 D) - B ()] = ~DP () + D)),
(175)

58D (2) = 118D () - a0 ()
=—[ D@ (z) + AD?)(z)]. (176)

By inserting Eqgs. (167)—(174) into Egs. (56)—(61) and
carrying out the traces and simplifying the results using
Egs. (175)—(176), we obtain the final twist-4 contributions
to the hadronic tensor,

2
12?154 {(q —-2p/2),(q—2p/2),[c{D_(z)
— 2ycdAD_(2)]

2
Z . 2L
— 7 Q(cld,, + icte.,)DI (o)

W (q.p.S) =

T an(cld, +icifem>ADf”<z)1},
177)

(L)

where the new symbols Dgﬂ‘) and AD, " are defined as

DY (z) =Re[D*(z) —DCI(2)),  (178)
ZADL(z) = Re[AD?L)(z) — ADPH) (2)).

After making contraction with the leptonic tensor L,,,
we obtain the twist-4 contributions to the cross section as

d 8a’M?
Er = o ”{[T4<y>D_<z> + o)DM ()]

T A[~T5(y)AD_(3) + T4 ()2ADE (2)] }
(180)

where the two new coefficient functions of y are given by

L[ Ty (y)

Ti(y) = 4y(1 —y)cfc] =—+ . (18D
1) (I =y)eicy o0 dy

1 2dT
T?(y)=4y(1—y)c?c§’=—| 1 ‘(y). (182)

0 dy
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We note that 77 (y) = T4(y) and T2(y) = TZ(y). We see
that there are terms that contribute to the unpolarized cross
section and those to the longitudinal polarization. Up to
twist-4 level, we should add these contributions to the
leading twist contributions to obtain the final results.
However, for the observables such as the production rates,
the spectra, and the longitudinal polarizations, these con-
tributions are just higher twist addenda suppressed by the
factor M?/Q? and in general are difficult to be separated
from the leading contributions.

VI. SUMMARY AND OUTLOOK

In summary, we apply the collinear expansion to
inclusive hadron production in e™e™ annihilations at high
energies. We derive the formalism that can be used to study
the leading as well as higher-twist contributions in a
systematic and consistent way. We calculate the contribu-
tions to the production of hadrons with different spins up to
twist-3 level. We also present the results for spin-1/2
hadrons at the twist-4 level. The results clearly show a
number of interesting features. In the unpolarized case or
for spin-0 hadrons, the cross section has the expression as
usually used. For hadron with spins, there are leading twist
longitudinal polarization for spin-1/2 hadrons in ete™ —
Z — qq — h + X because the initial quark and antiquark
produced here are longitudinally polarized and such polar-
izations can be transferred to the hadrons produced. There

PHYSICAL REVIEW D 89, 014024 (2014)

is also spin alignment pgy # 1/3 for spin-1 i.e., vector
mesons, and the spin alignment is independent of the
polarization of the initial quark or antiquark thus exist also
inete” - y* - qg—>h+X.

At the twist-3 level, there is a transverse polarization of
spin-1/2 hadrons in the leptonic plane as well as transverse
to the leptonic plane. The component of such transverse
polarization in the leptonic plane vanishes in ete™ — y* —
qq — h + X but the component transverse to the leptonic
plane still remains.

In inclusive hadron production in eTe™ annihilation at
high energies, twist-4 contributions are usually power
suppressed addenda to leading twist contributions and do
not lead to new observable effects.

The formalism should also be extended to the semi-
inclusive hadron production process where transverse
momentum dependent fragmentation functions can also
be studied. Such a study is under way.
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